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Abstract. This paper concerns Alan Turing’s ideas about machines, mathematical methods of proof,
and intelligence. By the late 1930s, Kurt Gödel and other logicians, including Turing himself, had
shown that no finite set of rules could be used to generate all true mathematical statements. Yet
according to Turing, there was no upper bound to the number of mathematical truths provable by
intelligent human beings, for they could invent new rules and methods of proof. So, the output of a
human mathematician, for Turing, was not a computable sequence (i.e., one that could be generated
by a Turing machine). Since computers only contained a finite number of instructions (or programs),
one might argue, they could not reproduce human intelligence. Turing called this the “mathematical
objection” to his view that machines can think. Logico-mathematical reasons, stemming from his
own work, helped to convince Turing that it should be possible to reproduce human intelligence,
and eventually compete with it, by developing the appropriate kind of digital computer. He felt it
should be possible to program a computer so that it could learn or discover new rules, overcoming
the limitations imposed by the incompleteness and undecidability results in the same way that human
mathematicians presumably do.
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The ‘skin of an onion’ analogy is also helpful. In considering the functions of
the mind or the brain we find certain operations which we can express in purely
mechanical terms. This we say does not correspond to the real mind: it is a sort
of skin which we must strip off if we are to find the real mind. But then in what
remains, we find a further skin to be stripped off, and so on. Proceeding in
this way, do we ever come to the ‘real’ mind, or do we eventually come to the
skin which has nothing in it? In the latter case, the whole mind is mechanical
(Turing, 1950, p. 454–455).

1. Introduction

This paper concerns British mathematician Alan Turing and his ideas on “mech-
anical intelligence,” as he called it. In the late 1940s, Turing argued that digital
computers could reproduce human thinking and, to measure their intelligence, he
proposed the Turing test. Its locus classicus is a paper published in Mind in 1950,
where the term “test” was used. For Turing, the Turing test was not an “operational
definition of ‘thinking’ or ‘intelligence’ or ‘consciousness”’ (as sometimes main-
tained, e.g. by Hodges, 1983, p. 415) — the test only gave a sufficient condition
for a machine to be considered intelligent, or thinking (Turing, 1950, p. 435).
“Intelligence” and “thinking” were used interchangeably by Turing.
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A decade earlier, his work in mathematical logic yielded the Church-Turing
thesis (CT) and the concept of universal computing machine, which — as is gen-
erally recognized — were important influences on his machine intelligence re-
search program. Turing’s contributions, in turn, are fundamental to AI, psychology,
and neuroscience. Nevertheless, a detailed, consistent history of Turing’s research
program, starting from his work in foundations of mathematics, has yet to be
written.

Turing’s views about machine intelligence are rooted in his thinking about
mathematical methods of proof — this is the topic of this paper. The power and
limitations of human mathematical faculties concerned him as early as the 1930s.
By then, Kurt Gödel and others — including Turing himself — had shown that no
finite set of rules, i.e. no uniform method of proof, could be used to generate all
mathematical truths. And yet intelligent human beings, Turing maintained, could
invent new methods of proof by which an unbounded number of mathematical
truths could be proved. Instead, computers contained only finite instructions and,
as a consequence, they could not reproduce human intelligence. Or could they?
Turing called this the mathematical objection to his view that machines could
think. In reply, he proposed designing computers that could learn or discover new
instructions, overcoming the limitations imposed by Gödel’s results in the same
way that human mathematicians presumably do.1

Most of the literature on Turing is written by logicians or philosophers who
are often more interested in current philosophical questions than in Turing’s ideas.
More than historical tools, their research relies on philosophical analysis. The out-
come, from a historiographical point of view, is a biased literature: Turing’s words
are interpreted in light of much later events, like the rise of AI or cognitive science,
or he is attributed solutions to problems he didn’t address, such as the philosophical
mind-body problem. While trying to avoid such pitfalls, I’ll occasionally point the
reader to the existence of current debates. I hope such debates will benefit from a
correct historical reconstruction of some of Turing’s ideas.

In addition to the works published by Turing and his contemporaries, I have
used unpublished material from the Alan Mathison Turing collection, King’s Col-
lege Library, Cambridge. This material is now available in published form (Cope-
land, 1999, forthcoming; The Turing Archive for the History of Computing
<http://www.AlanTuring.net>). Most of the personal information originates from
two biographies of Turing written by his mother, Ethel Sara Turing (1959), and by
Andrew Hodges (1983). These two biographies provide useful details on Turing’s
life, but are not reliable when it comes to his intellectual development. Suffice
it to say that Sara Turing, by her own admission, lacked the education necessary
to understand her son’s work, and that Hodges, when interpreting Turing’s ideas,
advocates the frustrating policy of omitting the evidence for most of his statements
(Hodges, 1983, p. 541).
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2. Computable Numbers

Turing’s first formulation of CT, in his celebrated “On computable numbers, with
an application to the Entscheidungsproblem,” stated that the numbers computable
by one of his machines “include all numbers which could naturally be regarded as
computable” (Turing, 1936–1937, pp. 116, 135). That is, any calculation could be
made by some Turing machine. This section concerns CT, Turing’s use of “comput-
able” and “machine” in his logic papers, and why his early work on computability
should not be read as an attempt to establish or imply that the mind is a machine.
In later sections, these explorations will help to illuminate Turing’s remarks about
mathematical faculties and, in turn, his reply to the mathematical objection.

Today, both the term “computable” and formulations of CT are utilized in many
contexts, including discussions of the nature of mental, neural, or physical pro-
cesses.2 None of these uses existed at Turing’s time, and their superposition onto
Turing’s words yields untenable results. For instance, according to a popular view,
Turing’s argument for CT was already addressing the problem of how to mech-
anize the human mind, while the strength of CT — perhaps after some years of
experience with computing machines — eventually convinced Turing that thinking
could be reproduced by a computer.3

This reading makes Turing appear incoherent. It conflicts with the fact that he,
who reiterated CT every time he talked about machine intelligence, never said that
the mechanizability of the mind was a consequence of CT. Quite the opposite: in
defending his view that machines could think, he felt the need to respond to many
objections, including the mathematical objection. Indeed, in his most famous paper
on machine intelligence, Turing admitted: “I have no very convincing arguments
of a positive nature to support my views. If I had I should not have taken such
pains to point out the fallacies in contrary views” (Turing, 1950, p. 454). If one
wants to understand the development of Turing’s ideas on mechanical intelligence,
his logical work on computability must be understood within its context. In the
1930s there were no working digital computers, nor was cognitive science on the
horizon. A “computer” was a person reckoning with paper, pencil, eraser, and per-
haps a mechanical calculator. Given the need for laborious calculations in industry
and government, skilled individuals were hired as “computers.” In this context, a
“computation” was something done by a human computer.4

The origins of “Computable Numbers” can be traced to 1935, when Turing
graduated in mathematics from King’s College, Cambridge, and became a fel-
low of King’s. In that year, he attended an advanced course on Foundations of
Mathematics by topologist Max Newman. Newman, who became Turing’s lifelong
colleague, collaborator, and good friend, witnessed the development of Turing’s
work on computability, shared his interest in the foundations of mathematics, and
read and commented on Turing’s typescript before anyone else (Hodges, 1983, pp.
90–110).
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In his biography of Turing as a Fellow of the Royal Society, Newman links
“Computable Numbers” to the attempt to prove rigorously that the decision prob-
lem for first order logic, formulated by David Hilbert within his program of form-
alizing mathematical reasoning (Hilbert and Ackermann, 1928), is unsolvable in
an absolute sense. “[T]he breaking down of the Hilbert programme,” said Newman
(1955, p. 258), was “the application [Turing] had principally in mind.” In order to
show that there is no effective procedure — or “decision process” — solving the
decision problem, Turing needed:

...to give a definition of ‘decision process’ sufficiently exact to form the basis of
a mathematical proof of impossibility. To the question ‘What is a “mechanical”
process?’ Turing returned the characteristic answer ‘Something that can be
done by a machine,’ and embarked in the highly congenial task of analyzing
the general notion of a computing machine (ibid.).

Turing was trying to give a precise and adequate definition of the intuitive notion of
effective procedure, as mathematicians understood it, in order to show that no ef-
fective procedure could decide first order logical provability. When he talked about
computations, Turing meant sequences of operations on symbols (mathematical
or logical), performed either by humans or by mechanical devices according to a
finite number of rules — which required no intuition or invention or guesswork —
and whose execution always produced the correct solution.5 For Turing, the term
“computation” by no means referred to all that mathematicians, human minds, or
machines could do.

However, the potential for anachronism exists even within the boundaries of
foundations of mathematics. Members of the Hilbert school, until the 1930s, be-
lieved that finitist methods of proof, adopted in their proof theory, were identical
to intuitionistically acceptable methods of proof.6 This assumption was questioned
by Paul Bernays in the mid 30s, suggesting that “intuitionism, by its abstract ar-
guments, goes essentially beyond elementary combinatorial methods” (Bernays,
1935a, p. 286; 1967, p. 502). Elaborating on Bernays, Gödel argued that “in the
proofs of propositions about these mental objects insights are needed which are
not derived from a reflection upon the combinatorial (space-time) properties of
the symbols representing them, but rather from a reflection upon the meanings
involved” (Gödel, 1958, p. 273).

Exploiting this line of argument in a comment published in 1965, Gödel spec-
ulated about the possibility of effective but non-mechanical procedures to be dis-
tinguished from the effective mechanical procedures analyzed by Turing (Gödel,
1965, pp. 72–73). A non-mechanical effective procedure, in addition to mechan-
ical manipulations, allowed for the symbols’ meaning to determine its outcome.
Other logicians, interested in intuitionism, exploited similar considerations to raise
doubts on CT.7 But many logicians preferred to reject both Gödel’s distinction and
his view that any mathematical procedure could be regarded as non-mechanical yet
effective at the same time. The issue cannot be pursued here.8
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What concerns us is that Gödel’s 1965 distinction, between mechanically and
non-mechanically effective procedures, has been used in interpreting Turing’s
1936–1937 words to suggest that his analysis applied only to the mechanical vari-
ety (Tamburrini, 1988, pp. 55–56, 94, 127, 146–154; Sieg, 1994, pp. 72, 96).
The reason given is that Turing used “mechanical” as a synonym for “effectively
calculable”: “a function is said to be ‘effectively calculable’ if its values can be
found by a purely mechanical process” (Turing, 1939, p. 160). This remark is by
no means exceptional in Turing’s parlance. It makes clear, among other things,
that the meaning of symbols couldn’t affect calculations. So to say, instead, that
Turing’s definition was restricted to mechanical — as opposed to non-mechanical
— effective procedures risks involving Turing in a debate that started after his time.
In the 1930s and 1940s, neither Turing nor other proponents of formal definitions
of “effectively calculable” drew Gödel’s distinction.9 All we can say, from Turing’s
explications and terminological choices, is that for him, meanings were no part of
the execution of effective procedures.10

He rigorously defined “effectively calculable” with his famous machines: a pro-
cedure was effective if and only if a Turing machine could carry it out. “Machine”
requires a gloss. In the 1930s and 1940s, Turing’s professionally closest colleagues
read his paper as providing a general theory of computability, establishing what
could and could not be computed — not only by humans, but also by mechanical
devices.11 Later, a number of authors took a more restrictive stance. Given the task
of “Computable Numbers,” viz. establishing a limitation to what could be achieved
in mathematics by effective methods of proof, it is clear that Turing machines
represented (at the least) computational abilities of human beings. As a matter of
fact, the steps these machines carried out were determined by a list of instructions,
which must be understandable unambiguously by human beings.

But Turing’s machines were not portrayed as understanding instructions —
let alone intelligent. Even if they were anthropomorphically described as “scan-
ning” the tape, “seeing symbols,” having “memory” or “mental states,” etc., Turing
introduced all these terms in quotation marks, presumably to underline their meta-
phorical use (Turing, 1936–1937, pp. 117–118). If one thinks that carrying out a
genuine, “meaningful” computation — as opposed to a “meaningless” physical
process — presupposes understanding the instructions, one should conclude that
only humans carry out genuine computations. Turing machines, in so far as they
computed, were abstract and idealized representations of human beings. These con-
siderations, among others, led some authors to a restrictive interpretation: Turing’s
theory bears on computability by humans not by machines, and Turing machines
are “humans who calculate.”12

This interpretation is at odds with Turing’s use of “computation” and “ma-
chine,” and with his depiction of his work. With all his insistence that his machines
could mimic any human routine,13 he never said his machines should be regarded as
abstract human beings — nor anything similar. We saw that, for him, a computation
was a type of physical manipulation of symbols. His machines were introduced
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to define rigorously this process of manipulation for mathematical purposes. As
Turing used the term, machines were idealized mechanical devices; they could be
studied mathematically because their behavior was precisely defined in terms of
discrete, effective steps.

There is evidence that Turing, in 1935, talked about building a physical real-
ization of his universal machine.14 Twelve years later, to an audience of mathem-
aticians, he cited “Computable Numbers” as containing a universal digital com-
puter’s design and the theory establishing the limitations of the new computing
machines:

Some years ago I was researching on what might now be described as an in-
vestigation of the theoretical possibilities and limitations of digital computing
machines. I considered a type of machine which had a central mechanism, and
an infinite memory which was contained on an infinite tape. This type of ma-
chine appeared to be sufficiently general. One of my conclusions was that the
idea of a ‘rule of thumb’ process and a ‘machine process’ were synonymous...
Machines such as the ACE [Automatic Computing Engine] may be regarded as
practical versions of this same type of machine (Turing, 1947, pp. 106–107).15

Therefore, a machine, when Turing talked about logic, was not (only) a math-
ematical idealization of a human being, but literally a hypothetical mechanical
device, which had a potentially infinite tape and never broke down. Furthermore,
he thought his machines delimited the computing power of any machine.This is not
to say that, for Turing, every physical system was a computing machine or could be
mimicked by computing machines. The outcome of a random process, for instance,
could not be replicated by any Turing machine, but only by a machine containing
a “random element” (1948, p. 9; 1950, p. 438).

Such was the scope of CT, the thesis that the numbers computable by a Turing
machine “include all numbers which could naturally be regarded as computable”
(Turing, 1936–1937, p. 116).16 To establish CT, Turing compared “a man in the
process of computing ... to a machine” (ibid., p. 117). He based his argument on
cognitive limitations affecting human beings doing calculations. At the beginning
of “Computable Numbers,” one reads that “the justification [for CT] lies in the fact
that the human memory is necessarily limited” (ibid., p. 117). In the argument, Tur-
ing used sensory limitations to justify his restriction to a finite number of primitive
symbols, as well as memory limitations to justify his restriction to a finite number
of “states of mind” (Turing, 1936–1937, pp. 135–136).

This argument for CT does not entail — nor did Turing ever claim that it did
— that all operations of the human mind are computable by a Turing machine. His
contention was, more modestly, that the operations of a Turing machine “include
all those which are used in the computation of a number” by a human being (ibid.,
p. 118). Since the notion of the human process of computing, like the notion of
effectively calculable, is an intuitive one, Turing asserted that “all arguments which
can be given [for CT] are bound to be, fundamentally, appeals to intuition, and for
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this reason rather unsatisfactory mathematically” (ibid., p. 135). In other words,
CT was not a mathematical theorem.17

From “Computable Numbers,” Turing extracted the moral that effective proced-
ures, “rule of thumb processes,” or instructions explained “quite unambiguously in
English,” could be carried out by his machines. This applied not only to procedures
operating on mathematical symbols, but to any symbolic procedure so long as it
was effective. It even applied to procedures that did not always generate correct
answers to general questions, as long as these procedures were exhaustively defined
by a finite set of instructions.18 A universal machine, if provided with the appro-
priate instruction tables, could carry out all such processes. This was a powerful
thesis, but very different from the thesis that “thinking is an effective procedure.”19

In “Computable Numbers” Turing did not argue, nor did he have reasons to imply
from CT, that human thinking could be mechanized.

He did prove, however, that no Turing machine — and by CT no uniform,
effective method — could solve first order logic’s decision problem (Turing, 1936–
1937, pp. 145–149). He added that, as far as he knew, a non-uniform process could
generate a non-computable sequence — that is, a sequence no Turing machine
could generate. Assume δ is a non-computable sequence:

It is (so far as we know at present) possible that any assigned number of figures
of δ can be calculated, but not by a uniform process. When sufficiently many
figures of δ have been calculated, an essentially new method is necessary in
order to obtain more figures (ibid., p. 139).

Non-uniform processes — generating non-computable sequences — appeared again,
in different guises, in Turing’s later work about foundations of mathematics and
machine intelligence. These processes played a role in Turing’s next important
logical work, where he commented on those mathematical faculties whose outputs
could not be generated by Turing machines.

3. Ordinal Logics

Famously, Gödel (1931) proved his incompleteness theorems to the effect that,
within formal systems like that of Alfred N. Whitehead and Bertrand Russell’s
Principia Mathematica (1910–1913), not all arithmetical truths could be proved.
A few years later, Alonzo Church (1936) and Turing (1936–1937) argued for CT,
uniquely defining the notion of effective procedure, or uniform method of proof,
independently of any particular formal system. Using their definitions, they showed
that no effective procedure could prove all arithmetical truths: Gödel incomplete-
ness applied to any (sufficiently powerful) formal system.20 For most mathem-
aticians, this ruled out the possibility of expressing all mathematics within one
formal system. But many maintained that, in principle, human beings could still
decide — perhaps by inventing new methods of proof — all mathematical state-
ments.21
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At the end of 1936, around the time he completed “Computable Numbers,”
Turing went to Princeton, where he stayed until 1938. There, among other things,
he worked on a Ph.D. dissertation under Church, which he later published as “Sys-
tems of Logic Based on Ordinals” (1939). In his doctoral work, Turing explored
the possibility of achieving arithmetical completeness not by a logical system more
powerful than that of Principia Mathematica, which he knew to be impossible, but
by an infinite nonconstructive sequence of logical systems.

For each logical system L in the sequence, by Gödel incompleteness there was
a true statement SL unprovable by means of L. So if one started with a system L1,
there would be an associated unprovable statement SL1. By adjoining SL1 to L1,
one could form a new system L2, which would be more complete than L1 in the
sense that more arithmetical theorems would be provable in L2 than in L1. But by
Gödel incompleteness, there would still be a true statement SL2 unprovable within
L2. So the process must be repeated with L2, generating a system L3 more complete
than L2, and so on. Turing showed that if this process was repeated infinitely many
times, the resulting sequence of logical systems was complete, i.e. any true arith-
metic statement could be derived within one or another member of the sequence.
The sequence was nonconstructive in the sense that there was no uniform method
(or Turing machine) that could be used to generate the whole sequence.22

In a formal system, what counted as an axiom or a proof must be decidable by
an effective process.23 Since Turing’s method for generating ordinal logics viol-
ated this principle, he owed an explanation. In a section entitled “The purpose of
ordinal logics,” he explained that he was proposing an alternative to the failed pro-
gram of formalizing mathematical reasoning within one formal system (1939, pp.
208–210). Some authors have misinterpreted his interesting remarks about human
mathematical faculties as implying that the human mind could not be reproduced
by machines.24 In this section, I’ll give a more accurate reading of Turing’s view.

In “The purpose of ordinal logics,” Turing asserted that he saw mathematical
reasoning as the effect of two faculties, “intuition” and “ingenuity”25:

The activity of the intuition consists in making spontaneous judgments which
are not the result of conscious trains of reasoning. These judgments are of-
ten but by no means invariably correct (leaving aside the question what is
meant by “correct”). Often it is possible to find some other way of verifying
the correctness of an intuitive judgment. We may, for instance, judge that all
positive integers are uniquely factorizable into primes; a detailed mathematical
argument leads to the same result. This argument will also involve intuitive
judgments, but they will be less open to criticism than the original judgment
about factorization...

The exercise of ingenuity in mathematics consists in aiding the intuition through
suitable arrangements of propositions, and perhaps geometrical figures or draw-
ings. It is intended that when these are really well arranged the validity of the
intuitive steps cannot seriously be doubted (Turing, 1939, pp. 208–209).
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Turing did not see ingenuity and intuition as two independent faculties, perhaps
working according to different principles (e.g., the first mechanical, the second
non-mechanical). He said the use of one rather than the other varied case by case:

The parts played by these two faculties differ of course from occasion to occa-
sion, and from mathematician to mathematician.26 This arbitrariness can be
removed by the introduction of a formal logic. The necessity for using the
intuition is then greatly reduced by setting down formal rules for carrying out
inferences which are always intuitively valid. When working with a formal
logic, the idea of ingenuity takes a more definite shape. In general a formal
logic, [sic] will be framed so as to admit a considerable variety of possible
steps in any stage in a proof. Ingenuity will then determine which steps are
the most profitable for the purpose of proving a particular proposition (ibid., p.
209).

The arbitrariness of the use of intuition and ingenuity, in different cases and by
different mathematicians, motivated the introduction of formal logic — where all
types of legitimate inferences were specified in advance, and proofs consisted of a
finite number of those inferences.

Then, Turing discussed the relevance of Gödel incompleteness, implying that
mathematics could never be fitted entirely within one formal system:

In pre-Gödel times it was thought by some that it would probably be possible to
carry this program [of formalizing mathematical reasoning] to such a point that
all the intuitive judgments of mathematics could be replaced by a finite number
of these rules. The necessity for intuition would then be entirely eliminated
(ibid., p. 209).

Turing was saying that, before Gödel’s proof, some mathematicians tried to replace
all intuitive mathematical judgments with a finite number of formal rules and ax-
ioms — which must be intuitively valid — eliminating the necessity of intuition in
proofs. This having proved impossible, Turing proposed to do the opposite:

In our discussion, however, we have gone to the opposite extreme and elimin-
ated not intuition but ingenuity, and this in spite of the fact that our aim has been
in much the same direction. We have been trying to see how far it is possible to
eliminate intuition, and leave only ingenuity (ibid., p. 209).

This passage seems self-contradictory, eliminating ingenuity at first, but claiming
that, at the end of the day, only ingenuity will be left. Given Gödel incompleteness,
Turing was explaining that he focused his research on what must be added to
incomplete formal systems to make them less incomplete. At the same time, he
“eliminated” ingenuity from his analysis in the following sense: he assumed that
every time one needed to prove — possibly by a new method of proof — a new
theorem discovered by intuition, one could find a proof. Given this assumption
that all the needed proofs could be found, Turing concluded that, at the end of
the hypothetical construction of an ordinal logic, all intuitive inferences would be
replaced by proofs. Since proofs are the output of ingenuity, only ingenuity will
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be left. So, Turing did concentrate on intuitive inferential steps, but only under the
assumption that each step could eventually be replaced by a proof.

For this project, Turing’s mathematical tools were special sequences of formal
systems. In these sequences, no finite set of rules and axioms sufficed for all future
derivations — new ones could be needed at any time:

In consequence of the impossibility of finding a formal logic which wholly
eliminates the necessity of using intuition, we naturally turn to “non-construc-
tive” systems of logic with which not all the steps in a proof are mechanical,
some being intuitive (ibid., p. 210).

Turing’s contrast between intuitive and mechanical steps has been taken as evid-
ence that, at least for a short period of his life, he endorsed an anti-mechanist view,
maintaining that the mind couldn’t be a machine (Hodges, 1988, p. 10; 1997, p. 22;
Lucas, 1996, p. 111). But talking of anti-mechanism in this context is seriously
misleading. It generates the pseudo-problem of why Turing never endorsed an
anti-mechanist view, proposing instead a research program in machine intelligence.
Turing defended his machine intelligence program by replying to the mathematical
objection in a subtle way that will be discussed in the next section. We’ll see that
an anti-mechanist reading of Turing’s remarks on ordinal logics makes his reply
to the mathematical objection hardly intelligible.27 We noted that Turing’s expli-
citly advocated goal was the same as that of pre-Gödel proof-theorists, namely a
metamathematical analysis of mathematical reasoning in which the use of intu-
ition would be eliminated. Turing contrasted intuitive to mechanical (or formal)
inferential steps not to invoke some “non-mechanical” power of the mind, but to
distinguish between what could be justified within a given formal system — the
mechanical application of rules — and what at some times needed to be added
from the outside — like a new axiom, inferential rule, or method of proof.

The assumption of an unlimited supply of ingenuity, however, needed some
justification. Turing provided it earlier in the paper. He wrote that the proposed non-
constructive sequence of logics could still be accepted as “intellectually satisfying”
if a certain condition was fulfilled:

We might hope to obtain some intellectually satisfying system of logical in-
ference (for the proof of number-theoretic theorems) with some ordinal lo-
gic. Gödel’s theorem shows that such a system cannot be wholly mechan-
ical; but with a complete ordinal logic we should be able to confine the non-
mechanical steps entirely to verifications that particular formulae are ordinal
formulae (ibid., p. 194).

Turing was pointing out that, in the non-constructive sequence of systems he was
proposing, non-mechanical steps corresponded to verifications that particular for-
mulae had a certain mathematical property — they were “ordinal formulae.” For
some ordinal logics, the statement that a given formula was an ordinal formula was
a number-theoretic statement (ibid., pp. 210, 219). And, notwithstanding Gödel
incompleteness, leading mathematicians working on foundations of mathematics,
who shared a strong faith in the power of human reason, expected that all true
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number-theoretic statements could be proved by one method or another.28 This is
why Turing assumed that each “intuitive” step could be, in principle, justified by
a proof. The steps were called “intuitive” as opposed to “mechanical” because it
was impossible to establish, once and for all, what method of proof must be used
in any given case. In his metamathematical investigation, Turing sought to replace
intuition with the equivalent to a non-uniform process for proving that appropriate
formulae were ordinal formulae.

Nothing that Turing wrote in 1939 implied that the human mind was not a ma-
chine. Though Turing did not emphasize this point, nothing prevented each method
of proof required by his ordinal logics from being implemented in a universal
machine.

Turing’s crucial move was abandoning the doctrine that decidability must be
achieved by a uniform method of proof (or a single effective procedure, or a single
Turing machine), accepting that many methods (or machines) could be used. In
“Computable Numbers,” Turing had already said that a non-uniform process, con-
sisting of many methods, could generate a non-computable sequence. In a letter to
Newman, in 1940, he explained his move: to an objection by Newman, he replied
that it was too “radically Hilbertian” to ask that “there is ... some fixed machine on
which proofs are to be checked.” If one took this “extreme Hilbertian” line, Turing
admitted, “my ordinal logics would make no sense.” On the other hand:

If you think of various machines I don’t see your difficulty. One imagines dif-
ferent machines allowing different sorts of proofs, and by choosing a suitable
machine one can approximate “truth” by “provability” better than with a less
suitable one, and can in a sense approximate it as well as you please (Turing,
1940a).

That year, in another letter to Newman, Turing further explained the motivation
for his ordinal logics. The “unsolvability or incompleteness results about systems
of logic,” he said, amounted to the fact that “[o]ne cannot expect that a system
will cover all possible methods of proof,” a statement he labeled “β).”29 The point
was, again: “When one takes β) into account one has to admit that not one but
many methods of checking up are needed. In writing about ordinal logics I had this
kind of idea in mind.” Moreover, “[t]he proof of my completeness theorem ... is
of course completely useless for the purpose of actually producing proofs ... The
completeness theorem was written from a rather different point of view from most
of the rest, and therefore tends to lead to confusion” (Turing, 1940b).

In explaining his motivation for studying ordinal logics, Turing was far from
stating that the mind is not a machine. Quite the contrary: he wanted to show
that by using many formal systems, whose proofs could be checked by as many
machines, one could form stronger and stronger logical systems that would allow
one to prove more and more arithmetical theorems, and the whole sequence of
such logical systems would be complete, namely any arithmetical theorem would
be provable by one or another member of the sequence.
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Turing’s 1939 paper and letters to Newman, read in their context, do not indicate
concern with whether human ingenuity or intuition could be exhibited by machines.
What they do show — not surprisingly — is that Turing clearly understood the
consequences of Gödel incompleteness for the project of analyzing human math-
ematical reasoning with formal, mechanical systems. To generate a system with
the completeness property, he proposed a strategy of adding new axioms to formal
systems, where some additions could be seen as the invention of new methods
of proof. This strategy sheds some light on Turing’s “mathematical objection,”
his reply, and his related insistence on both inventing new methods of proof and
machine learning.

4. Intelligent Machinery

Starting with his report on the ACE, and later with other reports, talks, and papers,
Turing developed and promoted a research program whose main purpose was the
construction of intelligent machines.30 After a brief recapitulation of the main ten-
ets of his view, I’ll turn to the mathematical objection and how Turing’s discussion
of machine intelligence related to his work in logic.

Intelligence, for Turing, had to do with what people did, not with some essence
hidden in their soul. Intelligent behavior was the effect of the brain, which Tur-
ing — usually — did not distinguish from the mind.31 Since the brain dealt with
information,32 reproducing intelligence did not require building artificial neurons
— perhaps surrounded by an artificial body — which would be impractical and
expensive. What mattered was the logical structure of the machine (Turing, 1948,
p. 13). This was one more reason to use universal digital computers, with their clear
logical structure, as “artificial brains” (ibid.). How could one know when one had
built an intelligent machine? Degrees of intelligence, for Turing, were no matter
of scientific measurement. He once explained how humans attribute intelligence
in a section titled “intelligence as an emotional concept”: “the extent to which
we regard something as behaving in an intelligent manner is determined as much
by our own state of mind and training as by the properties of the object under
consideration” (1948, p. 23). A similar rhetoric is deployed in the Mind paper to
dispense with the question: “Can machines think?” It’s a vague question, he said,
“too meaningless to deserve discussion” (1950, p. 442); it depends on the terms
“machine” and “think,” whose meanings are subject to change (ibid., p. 433). Given
this, according to Turing, one should attribute intelligence to a machine any time it
displayed some interesting, unpredictable, human-like (symbolic) behavior (1947,
p. 123; 1948, p. 23; 1950, p. 459).

As we saw, Turing was fond of saying that universal digital computers, like the
ACE, were “practical versions of the universal machine” (1947, pp. 107, 112–113).
Being universal, they could solve those problems “which can be solved by human
clerical labour, working on fixed rules, and without understanding” (1945, pp. 38–
39). Turing repeated similar generic formulations of CT every time he talked about
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digital computers.33 Nonetheless, CT would directly imply that universal machines
could reproduce human thinking only if all human thinking could be put in the form
of fixed rules. In “Intelligent Machinery,” Turing denied that the latter was the case:

If the untrained infant’s mind is to become an intelligent one, it must acquire
both discipline and initiative. So far we have been considering only discipline.
To convert a brain or machine into a universal machine is the extremest form
of discipline... But discipline is certainly not enough in itself to produce intelli-
gence. That which is required in addition we call initiative. This statement will
have to serve as a definition. Our task is to discover the nature of this residue
as it occurs in man, and try to copy it in machines (1948, p. 21).

For the remainder of the paper, Turing concentrated primarily on how a machine,
by means other than finite instructions, could reproduce “initiative.”

In “Computable Numbers,” Turing proved that no Turing machine could prove
all true mathematical statements, thereby, in principle, replacing all methods of
proof. For any Turing machine, there existed mathematical questions the machine
would not answer correctly. On the other hand, as we’ll see, Turing stressed that
mathematicians invented new methods of proof — they could, in principle, answer
all mathematical questions. So, if a machine were to have genuine intelligence,
it would need to have more than discipline — it would need to be more than a
Turing machine. In his work on ordinal logics, Turing showed that this limitation
of Turing machines could be overcome by an infinite sequence of formal systems
whose theorems could be generated (or checked) by a sequence of machines. Each
machine, in turn, could be simulated by a universal machine. But no machine itself
could infallibly choose all the machines in the sequence. Roughly, Turing thought
that an intelligent machine, instead of trying to answer all possible questions cor-
rectly (which in some cases would lead to infinite loops), should sometimes stop
computing, give the wrong answer, and try new instructions. If the new instructions
answered the question correctly, the machine would have changed itself in a way
that makes it less incomplete. In other words, the machine must “learn.” After all,
human beings make many mistakes, but they learn to correct them. (Sometimes.)
According to Turing, if a machine were able to learn (i.e., to change its instruction
tables), Gödel incompleteness would be no objection to its intelligence. This ex-
plains Turing’s reply to the mathematical objection.34 It is also relevant to Turing’s
insistence on “child machines,” on various methods of “educating” or “teaching”
machines, on “searches,” and on a random element being placed in machines (1948,
pp. 14–23; 1950, pp. 454–460). These latter ideas are frequently mentioned, but
their connection to Turing’s early work in logic has not been recognized.

In his reply, Turing made the prima facie puzzling claim that, “[i]f a machine
is expected to be infallible, it cannot also be intelligent” (1947, p. 124). This
claim is often cited but never clearly explained. Penrose suggests that, for Tur-
ing, if the algorithm followed by a machine were “unsound,” then the machine
would overcome the limitations of Gödel incompleteness (Penrose, 1994, p. 129).
A similar explication by Gandy is that, even though the formal system describing
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a machine is consistent, the output of the machine could be inconsistent (Gandy,
1996, p. 134).35 This reading has little relevance to Turing’s words.

To reconstruct the mathematical objection, I will follow the chronological order
of Turing’s writings. The reasoning sketched above, about machine learning, was
foreshadowed by an obscure remark in the report on the ACE. In listing some of
the problems the ACE could solve, Turing mentioned the following chess problem:
“Given a position in chess the machine could be made to list all the ‘winning
combinations’ to a depth of about three moves on either side” (1945, p. 41). Then,
Turing asked whether the machine could play chess, answering that it would play
a “rather bad game”:

It would be bad because chess requires intelligence. We stated at the beginning
of this section that [in writing instruction tables] the machine should be treated
as entirely without intelligence. There are indications however that it is possible
to make the machine display intelligence at the risk of its making occasional
serious mistakes. By following up this aspect the machine could probably be
made to play very good chess (ibid., p. 41).

Turing would be more explicit about such “indications” at the end of his 1947
“Lecture,” where, in connection with mechanical intelligence, he first talked in
public about the importance of the machine’s ability to learn.

It has been said that computing machines can only carry out the processes that
they are instructed to do. This is certainly true in the sense that if they do
something other than what they were instructed then they have just made some
mistake. It is also true that the intention in constructing these machines in the
first instance is to treat them as slaves, giving them only jobs which have been
thought out in detail, jobs such that the user of the machine fully understands
what in principle is going on all the time. Up till the present machines have
only been used in this way. But is it necessary that they should always be used
in such a manner? Let us suppose we have set up a machine with certain initial
instruction tables, so constructed that these tables might on occasion, if good
reason arose, modify those tables. One can imagine that after the machine has
been operating for some time, the instructions would have altered out of all
recognition, but nevertheless still be such that one would have to admit that the
machine was still doing very worthwhile calculations. Possibly it might still be
getting results of the type desired when the machine was first set up, but in a
much more efficient manner. In such a case one would have to admit that the
progress of the machine had not been foreseen when its original instructions
were put in. It would be like a pupil who had learnt much from his master, but
had added much more by his own work. When this happens I feel that one is
obliged to regard the machine as showing intelligence ... What we want is a
machine that can learn from experience. The possibility of letting the machine
alter its own instructions provides the mechanism for this, but this of course
does not get us very far (1947, pp. 122–123, emphasis added).



ALAN TURING AND THE MATHEMATICAL OBJECTION 37

The analogy between learning from experience and altering one’s instruction tables
led directly to answering the mathematical objection, where human mathematicians
are attributed the potential for solving all mathematical problems, and where train-
ing is compared to putting instruction tables in the machine.

It might be argued that there is a fundamental contradiction in the idea of a
machine with intelligence. It is certainly true that “acting like a machine,”
has become synonymous with lack of adaptability. But the reason for this is
obvious. Machines in the past have had very little storage, and there has been
no question of the machine having any discretion. The argument might how-
ever be put into a more aggressive form. It has for instance been shown that
with certain logical systems there can be no machine which will distinguish
provable formulae of the system from unprovable, i.e. that there is no test that
the machine can apply which will divide propositions with certainty into these
two classes. Thus if a machine is made for this purpose it must in some cases
fail to give an answer. On the other hand if a mathematician is confronted with
such a problem he would search around and find new methods of proof, so that
he ought eventually to be able to reach a decision about any given formula. This
would be the argument. Against it I would say that fair play must be given to
the machine. Instead of it sometimes giving no answer we could arrange that it
gives occasional wrong answers. But the human mathematician would likewise
make blunders when trying out new techniques. It is easy for us to regard these
blunders as not counting and give him another chance, but the machine would
probably be allowed no mercy. In other words then, if a machine is expected
to be infallible, it cannot also be intelligent. There are several mathematical
theorems which say almost exactly that. But these theorems say nothing about
how much intelligence may be displayed if a machine makes no pretence at
infallibility. To continue my plea for “fair play to the machines” when testing
their I.Q. A human mathematician has always undergone an extensive training.
This training may be regarded as not unlike putting instruction tables into a
machine. One must therefore not expect a machine to do a very great deal
of building up of instruction tables on its own. No man adds very much to
the body of knowledge, why should we expect more of a machine? Putting
the same point differently, the machine must be allowed to have contact with
human beings in order that it may adapt itself to their standards. The game
of chess may perhaps be rather suitable for this purpose, as the moves of the
machine’s opponent will automatically provide this contact (ibid., p. 123–124,
emphasis added).

The puzzling requirement that an intelligent machine not be infallible, then, has
to do with the unsolvability result proved by Turing in “Computable Numbers.”
If a problem was unsolvable in that absolute sense, then no machine designed to
answer correctly all the questions (constituting the problem) could answer them all.
Sometimes it would keep computing forever — without ever printing out a result.
If, instead, the machine were allowed to give the “wrong answer,” viz. an output
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that is not the correct answer to the original question, then there was no limit to
what the machine could “learn” by changing its instruction tables. In principle,
like a human mathematician with an ordinal logic, it could reach mathematical
completeness.

The mathematical theorems “which say almost exactly that, if a machine is
expected to be intelligent, it cannot also be infallible,” were: Gödel incompleteness
theorems, Turing’s theorem about the decision problem, and the analogous result
by Church.36 In “Intelligent Machinery,” an objection to the possibility of machine
intelligence was that these “results”:

...have shown that if one tries to use machines for such purposes as determining
the truth or falsity of mathematical theorems and one is not willing to tolerate an
occasional wrong result, then any given machine will in some cases be unable
to give an answer at all. On the other hand the human intelligence seems to be
able to find methods of ever-increasing power for dealing with such problems
“transcending” the methods available to machines (1948, p. 4).

Turing’s reply to this “argument from Gödel’s and other theorems” was a con-
densed version of the 1947 response: the argument “rests essentially on the con-
dition that the machine must not make mistakes. But this is not a requirement for
intelligence” (ibid.).37 The key was, once again, that the machine must be able to
learn from trial and error, an issue to which much of the paper was devoted (see
esp. pp. 11–12, 14–17, 21–23).

In the Mind paper, the “mathematical objection” was raised again — the short
reply was based on a parallel between machine fallibility and human fallibility. Two
elements were novel. First, formulating the objection in terms of Turing’s unsolv-
ability result, rather than other similar mathematical results, was “most convenient
to consider, since it refers directly to machines, whereas the others can only be
used in a comparatively indirect argument.” Second, Turing pointed out that “ques-
tions which cannot be answered by one machine may be satisfactorily answered by
another” (1950, pp. 444–445). The emphasis on learning was left to later sections
of the paper, but the main point remained: “there might be men cleverer than any
given machine, but then again there might be other machines cleverer again, and
so on” (ibid., p. 445). Another version of the reply to the mathematical objection,
analogous to the above ones, can be found in the typescript of a talk (1951a). Once
again, if a machine were designed to make mistakes and learn from them, it might
become intelligent. And this time, Turing subjected mathematicians to the same
constraint: “this danger of the mathematician making mistakes is an unavoidable
corollary of his power of sometimes hitting upon an entirely new method” (ibid.,
p. 2).
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5. Conclusion

Making sense of Turing’s reply to the mathematical objection — the objection that
incompleteness results implied that machines could not be intelligent — requires
an appropriate historical understanding of Turing’s logical work. If he thought CT
implied that the mind was mechanizable, then it’s unclear why he replied to the
mathematical objection at all, not to mention why he related machine learning to
the reply. On the other hand, interpreting Turing’s 1939 words as claiming that hu-
man intuition was a non-mechanical faculty, due to Gödel incompleteness, would
fit with a belief in the possibility of non-mechanical effective procedures. But this
sort of reading conflicts with both the fact that Turing never mentioned the pos-
sibility of non-mechanical effective procedures and the fact that he did not answer
the objection — different from and stronger than his own mathematical objection
— that a non-mechanical effective procedure would not be mechanizable. On the
contrary, he repeated many times that all effective procedures could be carried out
by a machine.

Turing’s ideas on mechanical intelligence were deeply related to his work in the
foundations of mathematics. He formulated CT and inferred from it that any “rule
of thumb,” or “method of proof,” or “stereotyped technique,” or “routine,” could
be reproduced by a universal machine. This, for Turing, was insufficient ground
for attributing intelligence to machines. He knew all too well the implications of
his own unsolvability result, whose moral he took to be analogous to that of Gödel
incompleteness. He was fond of saying that no Turing machine could correctly
answer all mathematical questions, while human mathematicians might hope to do
so. But he also thought that nothing prevented machines from changing, like the
minds of mathematicians when we say that they learn. As long as this process of
change was not governed by a uniform method, it could overcome incompleteness.
Just as the power of a formal system could be augmented by adding new axioms, a
universal digital computer could acquire new instruction tables, thereby “learning”
to solve new problems. The process, like the process of generating more powerful
formal systems, could in principle continue indefinitely. This was what ordinal
logics were about, and how Turing’s reply to the “mathematical objection” worked.
If the machine could modify its instruction tables by itself, without following a
uniform method, Turing saw no reason why it could not reach, and perhaps surpass,
the intelligence of human mathematicians.
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Notes

1The term “mathematical objection” was introduced by Turing (1950, p. 444); we’ll see how both the
objection and Turing’s reply can be found in previous works by Turing, which remained unpublished
at the time. Despite Turing being the first to publicly discuss the mathematical objection, his reply is
rarely mentioned and poorly understood.
2For a survey of different uses see Odifreddi (1989, § I.8). (Odifreddi writes “recursive” instead of
“computable.”)
3See e.g. Hodges (1983, esp. p. 108), also Hodges (1988, 1997), Leiber (1991, pp. 57, 100), Shanker
(1995, pp. 64, 73) and Webb (1980, p. 220). Turing himself is alleged to have argued, in his 1947
“Lecture to the London Mathematical Society,” that “the Mechanist Thesis... is in fact entailed by
his 1936 development of CT” (Shanker, 1987, pp. 615, 625). Since Shanker neither says what the
Mechanist Thesis is, nor provides textual evidence from Turing’s lecture, it is difficult to evaluate his
claim. If the Mechanist Thesis holds that the mind is a machine or can be reproduced by a machine,
we’ll see that Shanker is mistaken. However, some authors — other than Turing — do believe CT to
entail that the human mind is mechanizable (e.g., Dennett, 1978, p. 83; Webb 1980, p. 9).
4There did exist some quite sophisticated computing machines, later called analog computers. At
least as early as 1937, Turing knew about the Manchester differential analyzer, an analog computer
devoted to the prediction of tides, and planned to use a version of it to find values of the Riemann
zeta function (Hodges, 1983, pp. 141, 155–158).
5See his argument for the adequacy of his definition of computation in Turing (1936–1937, pp.
135–138). The last qualification — about the computation being guaranteed to generate the correct
solution — was dropped after “Computable Numbers.” In different writings, ranging from technical
papers to popular expositions, Turing used many different terms to explicate the intuitive concept of
effective procedure: “computable” as “calculable by finite means” (1936–1937), “effectively calcul-
able” (1936–1937, pp. 117, 148; 1937, p. 153), “effectively calculable” as a function whose “values
can be found by a purely mechanical process” (1939, p. 160), “problems which can be solved by hu-
man clerical labour, working to fixed rules, and without understanding” (1945, pp. 38–39), “machine
processes and rule of thumb processes are synonymous” (1947, p. 112), “‘rule of thumb’ or ‘purely
mechanical”’ (1948, p. 7), “definite rule of thumb process which could have been done by a human
operator working in a disciplined but unintelligent manner” (1951b, p. 1), “calculation” to be done
according to instructions explained “quite unambiguously in English, with the aid of mathematical
symbols if required” (1953, p. 289).
6E.g. Bernays (1935b, p. 89), Herbrand (1971, p. 274) and von Neumann (1931, pp. 50–51). Cf.
Bernays (1967, p. 502) and van Heijenoort (1967, p. 618.)
7E.g., Kalmár (1959) and Kreisel (1972, 1987). For a treatment of this line of argument, starting with
Bernays, see Tamburrini (1988, chapt. IV.)
8For defenses of CT in line with the tradition of Church and Turing, see Mendelson (1963) and
Kleene (1987b). Most logicians still use “effective” and “mechanical” interchangeably; e.g. Boolos
and Jeffreys (1974, p. 19) and Copeland (1996)
9E.g., see Church (1936, p. 90) and Post (1936, p. 291.)
10In his writings, Turing never mentioned anything resembling Gödel’s notion of non-mechanically
effective procedure. From the point of view of Gödel’s distinction, as we saw in n. 5, some of the
terms used by Turing for “effectively calculable” would be more restrictive than others (compare
“purely mechanical process” to “rule of thumb process,” or “explainable quite unambiguously in
English”). There is no reason to think that Turing’s explication of “effectively calculable” in terms of
“purely mechanical” was intended to draw a distinction with respect to non-mechanical but effect-



ALAN TURING AND THE MATHEMATICAL OBJECTION 41

ive procedures. Rather, it shows once again that Turing had no notion of non-mechanical effective
procedure. In fact, Turing wrote that he used the term “effectively calculable” for “the intuitive idea
without particular identification with any [formal] definition” (1939, p. 160; also 1937, p. 153). So
he was explicating precisely the supposed intuitive meaning of the term “effectively calculable” in
terms of mechanical processes. In the same paragraph, the term “mechanical process” was first used
intuitively, and then identified with computability by Turing machines (ibid., cf. also: “One of my
conclusions [in 1936–1937] was that the idea of a ‘rule of thumb’ process and a ‘machine process’
were synonymous. The expression ‘machine process’ of course means one which could be carried
out by the type of machine I was considering” (1947, p. 107)). In 1936, in contrast, Turing had
introduced the “intuitive” notion of computable numbers not as those numbers that were computable
by a mechanical process, but as those numbers “whose expression as a decimal are calculable by
finite means” (1936–1937, p. 116). At that time, “finite,” “mechanical,” “effective,” “algorithmic,”
etc., were used interchangeably to refer to the informal notion in question (cf. Gödel 1965, p. 72;
Kleene 1987a, 55–56). Failure to recognize this leads to an unwarranted charge of ambiguity to
Turing’s use of “finite” by Gandy (1988, p. 84), who was a student and friend of Turing in the latter
part of Turing’s life.
11E.g., see Church (1937; 1956, p. 52, n.119), Watson (1938, p. 448ff) and Newman (1955, p. 258),
Kleene said: “Turing’s formulation comprises the functions computable by machines” (1938, p. 150).
When von Neumann placed “Computable Numbers” at the foundations of the theory of finite auto-
mata, he introduced the problem addressed by Turing as that of giving “a general definition of what
is meant by a computing automaton” (von Neumann 1951, p. 313). Most logic textbooks introduce
Turing machines without qualifying “machine,” the way Turing did (see n. 2). More recently, doubts
have been raised about the generality of Turing’s analysis of computability by machines (e.g., by
Siegelmann, 1995).
12This widely cited phrase is in Wittgenstein (1980, sec. 1096). Wittgenstein knew Turing, who
in 1939 attended Wittgenstein’s course on Foundations of Mathematics. Wittgenstein’s lectures,
including his dialogues with Turing, are in Wittgenstein (1976). Discussions of their different points
of views can be found in Shanker (1987) and Proudfoot and Copeland (1994). Gandy is more explicit
than Wittgenstein: “Turing’s analysis makes no reference whatsoever to calculating machines. Turing
machines appear as a result, as a codification, of his analysis of calculations by humans” (1988, p.
83–84). Sieg quotes and endorses Gandy’s statement (1994, p. 92; see also Sieg, 1997, p. 171).
Along similar lines is Copeland (2000, pp. 10ff). According to Gandy and Sieg, “computability by a
machine” is first explicitly analyzed in Gandy (1980).
13See n. 33.
14Newman (1954) and Turing (1959, p. 49). Moreover, in 1936 Turing wrote a précis of “Computable
Numbers” for the French Comptes Rendues, containing a succinct description of his theory. The
definition of “computable” is given directly in terms of machines, and the main result is appropriately
stated in terms of machines:

On peut appeler ‘computable’ les nombres dont les décimales se laissent écrire par une machine
. . . On peut démontrer qu’il n’y a aucun procédé général pour décider si une machine m n’écrit
jamais le symbole 0 (Turing, 1936).

The quote translates as follows: We call “computable” the numbers whose decimals can be written by
a machine — We demonstrate that there is no general procedure for deciding whether a machine m
will never write the symbol 0. Human beings are not mentioned.
15See also ibid., p. 93. Also, Turing machines “are chiefly of interest when we wish to consider what
a machine could in principle be designed to do” (Turing, 1948, p. 6). In this latter paper, far from
describing Turing machines as being humans who calculate, Turing described human beings as being
universal digital computers:

It is possible to produce the effect of a computing machine by writing down a set of rules of
procedure and asking a man to carry them out. Such a combination of a man with written
instructions will be called a ‘Paper Machine.’ A man provided with paper, pencil, and rubber,
and subject to strict discipline, is in effect a universal machine (Turing, 1948, p. 9).
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Before the actual construction of the ACE, “paper machines” were the only universal machines
available, and were used to test instruction tables designed for the ACE (Hodges, 1983, chapt. 6).
Finally:

A digital computer is a universal machine in the sense that it can be made to replace ...any rival
design of calculating machine, that is to say any machine into which one can feed data and which
will later print out results (Turing, 1951c, p. 2).

Here, Turing formulated CT with respect to all calculating machines, without distinguishing between
analog and digital computers. This fits well with other remarks by Turing, which assert that any
function computable by analog machines could also be computed by digital machines (Turing, 1950,
451–452). And it strongly suggests that, for him, any device mathematically defined as giving the
values of a non-computable function, that is, a function no Turing machine could compute — like
the “oracle” in Turing (1939, pp. 166–167) — could not be physically constructed.
16The generality of Turing’s terminology, using the term “naturally,” asking “What are the possible
processes [and not mechanical processes] which can be carried out in computing a number?” (Tur-
ing, 1936–1937, p. 135), and especially the conclusion that he wanted to reach, i.e. the absolute
unsolvability of the decision problem, are more evidence that neither Gödel’s notion of “effective but
non-mechanical procedure” nor the possibility of a computing machine more powerful than Turing
machines had a place here. If there were effective but non-mechanical procedures, or machines com-
puting non-computable functions, perhaps one of them could solve the decision problem. But Turing
concluded that the decision problem “can have no solution” (ibid., p. 117). The term “absolutely
unsolvable” was used in this connection by Post (1936, p. 289; Post attributes the term to Church in
Post, 1965, p. 340; see also Post’s remarks in his 1936, p. 291; 1944, p. 310).
17CT is usually regarded as an unprovable thesis for which there is compelling evidence. For the
opposing view that Turing proved CT as a theorem, see Gandy (1980, p. 124; 1988, p. 82); Mendelson
(1990) challenges the view that CT cannot be proved. For a careful criticism of this revisionism about
the provability of CT, see Folina (1998).
18After the 1930s, the term “effective” or “algorithmic” was often applied in the generalized sense,
which included procedures calculating the values of partial rather than total functions. A Turing
machine computing a partial function was called “circular” (Turing, 1936–1937, p. 119). For some
inputs, circular machines did not generate outputs of the desired type.
19According to Shanker, this was Turing’s “basic idea” (1995, p. 55). But Turing never made such
a claim. Sieg is therefore correct in writing that Turing “does not show that mental processes cannot
go beyond mechanical ones” (Sieg and Byrnes, 1996, p. 117). However, Sieg is probably misreading
Gödel in writing that “Gödel got it wrong, when he claimed that Turing’s argument in the 1936 paper
was intended to show that ‘mental processes cannot go beyond mechanical procedures”’ (Mundici
and Sieg, 1995, p. 14; Sieg and Byrnes, 1996, p. 103). In that claim, Gödel did not write “processes,”
as Sieg and his collaborators have him do, but “procedures” (Gödel, 1972). If by “mental procedures”
Gödel meant effective procedures that a human being could carry out, as is plausible, then Turing
was, indeed, arguing that “mental procedures cannot go beyond mechanical procedures.” However,
we have seen that Gödel understood effectiveness differently from Turing. While on several occasions
Gödel discussed “understanding” and “reflecting on meaning” in the context of what could be effect-
ively calculated, Turing, in line with many other mathematicians, did not discuss such mentalistic
notions — perhaps he considered them too obscure to be relevant (cf. n. 10 and 16).
20Cf. Gödel (1965, p. 71) and Kleene (1988, pp. 38–44).
21E.g., Gödel (1951), Post (1965, p. 417) and Wang (1974, pp. 315–316); Turing expressed this
opinion in Turing (1947, p. 123).
22Turing’s completeness result applies to arithmetical statements that can be represented as �0

1 sen-
tences, i.e. sentences of the form ∀x(Rx). For a more detailed and complete account of Turing’s work
on ordinal logics, including their importance for recursive function theory, see Feferman (1988).
23For a classic formulation by Turing’s doctoral supervisor, see Church (1956, esp. section 07).
24Hodges (1988, 1997) and Lucas (1996).
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25A third, which allowed mathematicians to distinguish “topics of interest from others,” was left
out of his analysis because “the function of the mathematician,” in the context of foundations of
mathematics, was “simply to determine the truth or falsity of propositions” (Turing, 1939, p. 208).
26Sara Turing (1959) and Hodges (1983) report many episodes where Turing answered mathematical
questions almost immediately, surprising his teachers or colleagues. Other people would take hours
to solve the same problems (e.g. Turing, 1959, pp. 13, 27–28; also Newman, 1955, p. 255).
27For attempts at solving this pseudo-problem, or expressions of puzzlement over Turing’s alleged
change of mind, see Feferman (1988, p. 132), Hodges (1988, p. 10; 1997, pp. 28–29, 51) and Lucas
(1996, p. 111).
28See n. 21.
29By “unsolvability and incompleteness results” Turing meant primarily, and respectively, the un-
solvability of Hilbert’s decision problem, established by Church and himself, and Gödel’s two in-
completeness theorems. Despite their differences, Turing said that the relevant common consequence
of these results is that no formal system could exhaust all methods of proof. He later used this
formulation in framing the mathematical objection.
30In understanding Turing’s views on machine intelligence, I was helped by Colvin (1997). There
is much evidence that studying the possibility of mechanical intelligence was Turing’s main goal
from the beginning of his work on digital computers. Both Turing (1959) and Hodges (1983) cite
several conversations in which Turing expressed his interest. For example, “Sometimes round 1944
he [Turing] talked to me about his plans for the construction of a universal computer and of the service
such a machine might render to psychology in the study of the human brain” (Turing, 1959, p. 94;
see also p. 88). In a letter to Ashby, Turing wrote that “In working on the ACE I am more interested
in the possibility of producing models of the action of the brain than in the practical applications
to computing” (Turing, undated). The report on the ACE already contained some obscure remarks
on a machine possibly “displaying” intelligence (Turing, 1945). Turing addressed questions about
machine intelligence at some length in a lecture to the London Mathematical Society (1947). The
first paper fully devoted to the problem of machine intelligence was a report to the National Physics
Laboratory, where Turing was working at the time (1948). The latter included all the important
ideas that were then published in the famous Mind paper (1950), and more (e.g., see Copeland and
Proudfoot, 1996). Turing also expressed his ideas in less formal occasions, where he didn’t add much
of significance for our purposes (1951a, c, 1952, 1954).
31A good example is the quote at the beginning of the present paper, where Turing talked of “the
functions of the mind or the brain.” But some passages in “Computing Machinery and Intelligence”
indicate that attributing to Turing a strict materialism would be simplistic: “I do not wish to give the
impression that there is no mystery about consciousness... But I do not think that these mysteries
necessarily need to be solved before we can answer the question with which we are concerned in this
paper” (Turing, 1950, p. 447); “the statistical evidence, at least for telepathy, is overwhelming” (ibid.,
p. 453). Turing seems to suggest that neither consciousness nor telepathy are a necessary condition
for an individual to be intelligent.
32Turing used the term “information” without definition, though he knew Shannon and some of his
work (Hodges, 1983, pp. 250–252, 274, 410–411). In the ACE report, the brain was already said to be
a machine (1945, pp. 103, 104). In the 1947 “Lecture,” it was a “digital computing machine” (1947,
pp. 111, 123), which was distinguished from analog computers. In “Intelligent Machinery,” Turing
changed his position and said the brain was a “continuous controlling” machine (1948, p. 5), i.e., an
analog computer devoted to processing information. The latter view was repeated in Turing (1950,
p. 451). But Turing also claimed that “brains very nearly fall into this class [of discrete controlling
machinery, i.e., digital computers], and there seems every reason to believe that they could have
been made to fall genuinely into it without any change in their essential properties” (1948, p. 6). For
Turing, at any rate, the functions computed by analog computers could also be computed by digital
computers so that, under the circumstances of the Turing test, the two kinds of machines could not
be distinguished (1950, pp. 451–452).
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33Other examples include: digital computers “can be made to do any rule of thumb process” (1947,
pp. 106–107, 112), “as soon as any technique becomes at all stereotyped it becomes possible to
devise a system of instruction tables which will enable the electronic computer to do it [the act made
possible by the technique] for itself” (ibid., p. 121). It sufficed to program the universal machine to
do the job. Things that could be programmed included games like chess and mathematical derivations
in a formal system (ibid., p. 122). CT applied to digital computers was repeated in Turing (1948, pp.
6–7; 1950, p. 436; 1951b, p. 1).
34Usually, the mathematical objection is attributed to Lucas (1961), who formulated it using Gödel’s
first and second incompleteness theorems. [Lucas acknowledged the discussion contained in Turing
(1950), as well as others successive to it, on p. 112 of Lucas, 1961; also, a bibliography about the
early debate can be found in Lucas (1970, pp. 174–176).] Since Lucas proposed his version of it, the
mathematical objection has been hotly debated. Recent formulations can be found in Lucas (1996),
Penrose (1994) and Wright (1995). Recent rebuttals can be found in Chalmers (1995) and Detlefsen
(1995). Turing discussed the mathematical objection not in terms of Gödel incompleteness, but in
terms of his machines. Lucas’s well-known formulation may have made Turing’s discussion less
transparent, explaining why his reply is little understood. Moreover, Turing’s best-known paper
on machine intelligence, the Mind paper, contains a shorter and less perspicuous reply than other
papers. An embryonic form of the mathematical objection was formulated by Post as early as 1921
(Post, 1965, p. 417), based on his remarkable anticipation of Gödel, Church, and Turing’s results on
incompleteness and undecidability, but Post’s work remained unpublished until much later (Davis,
1965, p. 338). Turing appears to be the first person to raise the objection and give a reply in a
published form. An interesting question is whether anyone proposed the mathematical objection to
him, or whether he formulated it himself. He did not cite anyone in this respect, but did use the
ambiguous phrase “[t]hose who hold to the mathematical argument” (Turing, 1950, p. 445), which
suggests that the mathematical objection was at least informally discussed at the time.
35Penrose’s interpretation is reiterated by Grush and Churchland (1995, p. 325). Neither Penrose,
nor Grush and Churchland, nor Gandy give reasons favoring their interpretation, which appears to be
influenced by the shape the discussion of the mathematical objection took after the 1960s.
36In “Intelligent Machinery,” as references for the mathematical theorems, Turing gave Gödel (1931),
Church (1936) and Turing (1936–1937). In Turing 1950, he added the names of Kleene and Rosser,
and a reference to Kleene (1935).
37The claim shifted slightly. In his “Lecture” Turing had said that, though the mathematical theorems
excluded the possibility of a machine which is both infallible and intelligent, they did not exclude
the possibility of an intelligent but fallible machine. In that occasion, he said nothing about to what
extent intelligence is compatible with fallibility. Now, more blatantly, intelligence itself does not
require infallibility.
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