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Homoclinic bifurcation in a Hodgkin–Huxley model of thermally
sensitive neurons
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We study global bifurcations of the chaotic attractor in a modified Hodgkin–Huxley model of
thermally sensitive neurons. The control parameter for this model is the temperature. The chaotic
behavior is realized over a wide range of temperatures and is visualized using interspike intervals.
We observe an abrupt increase of the interspike intervals in a certain temperature region. We
identify this as a homoclinic bifurcation of a saddle-focus fixed point which is embedded in the
chaotic attractors. The transition is accompanied by intermittency, which obeys a universal scaling
law for the average length of trajectory segments exhibiting only short interspike intervals with the
distance from the onset of intermittency. We also present experimental results of interspike interval
measurements taken from the crayfish caudal photoreceptor, which qualitatively demonstrate the
same bifurcation structure. ©2000 American Institute of Physics.@S1054-1500~00!02301-6#
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A wide class of sensory neurons demonstrates spontane
ous oscillatory activity. Moreover, some thermosensitive
neurons, for example, electroreceptors of the catfish, dog
fish, the warm and cold receptors of rat and cat and the
caudal photoreceptor of the crayfish, display complicated
bifurcation sequences of the spike train patterns as the
control parameter, e.g., the temperature, changes. Recen
experiments also revealed the existence of low
dimensional chaotic behavior of some thermoreceptors
In this paper we study a rather unusual behavior of a
bursting neuron, modeled by a modified Hodgkin–
Huxley system, manifested in an explosion of interspike
intervals at a certain temperature value. We identify this
transition with a homoclinic bifurcation of a saddle-focus
equilibrium state which is embedded in the chaotic at-
tractor of the system. We also demonstrate qualitatively
the same phenomenon in electro-physiological experi
ments with the caudal photoreceptor of the crayfish.

I. INTRODUCTION

In electrophysiological experiments different types
neuronal impulse patterns can be observed ranging f
regular or irregular single-spike activity~tonic firing! to
more or less rhythmic grouping of impulses~burst dis-
charges!. Such temporal patterns are partly ascribed to s
aptic interactions within neuronal networks but can also

a!Author to whom correspondence should be sent. Electronic m
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sult from the nonlinear internal dynamics of individu
neurons. Here we examine impulse pattern modulation o
Hodgkin–Huxley-type computer simulation which original
was developed to simulate peripheral cold recept
discharges.1 These receptors encode environmental tempe
tures into neuronal impulse trains and thereby exhibit a f
cinating array of different types of firing patterns whic
without doubt, originate from internal dynamics of sing
receptors. The existence of neuronal networks can be
cluded because cold receptors are free nerve endings in
superficial layers of the skin.2

Because of the small size and sparse distribution of c
receptors, intracellular recordings of the membrane poten
or ionic currents are not possible so far. The temporal p
terns of the discharges, however, clearly indicate that
impulses are generated by an oscillating membrane pro
of systematic temperature dependencies. This can most
ily be seen at mid-temperatures where rhythmic burst d
charges are triggered. However, there is also an esse
contribution of noise which becomes of particular function
significance especially towards higher temperatures wh
oscillations with skippings occur.3 This phenomenon can
spread all over the complete encoding range in other th
mosensitive neurons, e.g., shark electroreceptors.4 Moreover,
there are other types of irregular discharges, preferably
lower temperatures, which at least partly seem to result fr
low-dimensional dynamics.1

More detailed analysis of the impulse pattern indica
that the oscillations arise from subthreshold mechanis
which are independent of spike generation. For exam
when one or more oscillation cycles are without spike g

l:
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eration, the oscillations obviously continue with an almo
unchanged rhythm and, at a given temperature, the perio
the burst discharges is almost unaffected by random va
tions of the number of spikes per burst.3,5 The assumption of
subthreshold, spike-independent oscillations is addition
supported by electrophysiological recordings under
variation of extracellular calcium concentrations and ap
cations of calcium channel blockers. These experiments
dicate that low-threshold calcium channels contribute to
oscillating process, but mainly seem to exert repolariz
effects, probably via Ca-activated K-channels, with negle
able contribution to depolarization.6

Several models for the generation of spike-triggering
cillations exist; most of them focus on specific types of p
terns of central neurons~e.g., Refs. 7 and 8!, others also
consider the transitions between regular and chaotic patt
~e.g., Ref. 9! or even directly refer to cold receptor data~e.g.,
Ref. 10!. The model which will be examined here has be
developed on the background of the above described ex
mental findings, i.e., it considers subthreshold oscillations
addition to spike generation. It uses a Hodgkin–Huxley-ty
approach which, however, is drastically simplified and
duced. Nevertheless, all relevant physiological parame
mentioned above do still have their explicit counterpart
the equations~see Sec. II!.

This model, with addition of noise, exhibits all majo
characteristics of stationary cold receptor discharges1 and,
with slight modifications, can simulate principal neuromod
latory properties also observed in other types of tempera
sensitive receptors and neurons.11,12Moreover, new methods
for finding unstable periodic orbits13 revealed that low-
dimensional dynamics contribute to specific irregularities
the patterns which occur in cold receptors as well as in s
different neurons as electroreceptors and hypothalamic
rosecretory cells14,15 and which, most remarkably, can als
be seen in noisy simulation runs of the model under sim
stimulus conditions as in the experiments.

One possible way to study the generic properties of lo
dimensional chaotic systems is the analysis of bifurcat
sequences of limit sets under the variation of a control
rameter. Bifurcations of chaotic attractors are often relate
global bifurcations, which are, in general, mediated by
stable and unstable manifolds of certain periodic orbits
saddle type. Examples for such global bifurcations are
moclinic bifurcations16–18 and different types of crises.19

Both phenomena have been studied theoretically and
served in several experiments with physical systems.20,21Ho-
moclinic bifurcations are connected to the formation of
homoclinic orbit~or separatrix loop! associated with a saddl
equilibrium state. Depending on the eigenvalues of the e
librium state one distinguishes saddle-node-, saddle-focu
bifocus-type scenarios.16 One of the characteristic features
a homoclinic bifurcation is the exponential growth of th
times needed to return to a Poincare´ surface of section for
orbits in the neighborhood of the homoclinic orbit. Thus, t
divergence of the return time can be used as an indicato
the appearance of a homoclinic bifurcation.

Usually, the only observable which is accessible in el
trophysiological experiments is the interspike intervals
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corded from a spike train of action potentials. These int
spike intervals can be regarded as direct measurements o
Poincare´ return time.22,23 From this point of view measure
ment techniques usually used in the study of neu
biological systems are very convenient to investigate
moclinic bifurcations.

The dynamics of biological neurons is always contam
nated with high-dimensional random processes, or ‘‘nois
For subthreshold regimes noise might play a construc
role leading to more coherent behavior of neuron systems
mechanisms of stochastic24 or coherent25 resonances. How-
ever, noise usually destroys the fine bifurcation structure
dynamical system, and, therefore, turns the bifurcat
analysis into a hard statistical problem. Here we addr
these difficulties by studying the behavior of a modifi
Hodgkin–Huxley ~MHH! model,1 with and without added
noise, comparing the results with those observed in elec
physiological experiments.

The topological structure of the chaotic attractor of th
system has been studied in Ref. 26, while several spe
dynamical properties of this model, for example, the per
doubling cascade to chaos and specific resonance phe
ena, have been studied in Ref. 27. In this paper we focus
global bifurcation phenomena in the MHH model. In partic
lar we provide numerical evidence for the occurrence o
homoclinic bifurcation in the modified Hodgkin–Huxle
model, show its robustness to noise, and also demons
similar dynamic behavior in electrophysiological expe
ments with the crayfish caudal photoreceptor.

II. THE MODEL

The MHH model of thermally sensitive neurons h
been proposed by Braunet al.1 and mimics all spike train
patterns observed in electroreceptors from dogfish,4 and
catfish,11 and from facial cold receptors11 and hypothalamic
neurons of the rat.28 All these neurons can be characteriz
by spontaneous, noisy oscillations which are reflected in
spike trains. The classical HH model,29 on the one hand, ha
been simplified~e.g., no inactivation terms!, but on the other
hand, has been extended by two additional slow curre
according to the experimental findings of spike-independ
oscillations~see above!. The stochastic term produces mo
relastically looking simulations, e.g., makes the transitio
between different impulse patterns more smooth, and is n
essary to account for subthreshold oscillations with skippi
when high-temperature ranges are considered~which, how-
ever, are not in the scope of this paper!. The MHH model has
been described in detail in Ref. 1, and so will not be ela
rated here. It is given by the usual equation for the me
brane potential,

CM

dV

dt
52I l2I d2I r2I sd2I sr1j~ t !, ~1!

whereCM is the membrane capacitance,V is the membrane
potential, andI l is the leakage current, which can be writte
as I l5gl(V2Vl). I d and I r are simplified fast Hodgkin–
Huxley currents representing Na and K channels, resp
tively, which account for spike generation,I sd andI sr are the
icense or copyright, see http://chaos.aip.org/chaos/copyright.jsp
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slow currents which account for the oscillations, andj(t) is
the noise. The voltage-dependent currentsI d , I r and I sd are

I k5r~T!gkak~V2Vk!, ~2!

where the indexk stands ford, r or sd currents,r(T) is the
temperature-dependent scaling factor for the ionic curre
gk is the maximum conductance andVk is the reversal po-
tential. The activation variable isak and is described by the
differential equation

dak

dt
5

f~ak`2ak!

tk
. ~3!

This equation servesI r and I sd currents.I sd is considered to
be a mixed current which mainly is carried by sodium io
and to a minor part by calcium ions which, however, a
essential for activation ofI sr . I sr represents a calcium
dependent potassium current where the dynamics of inte
changes are given by the equations for the activation vari
asr . In Eq. ~3! f5f(T) is the temperature-dependent sc
ing factor for activation,tk is the time constant andak` is
the steady-state activation:

ak`5@11exp~2sk~V2V0k!!#21 ~4!

with sk the steepness andV0k the half-activation value. Fo
the sodium current,I d , we adoptI d5rgdad`(V2Vd), as
the sodium current changes much faster than other ionic
rents. For the currentI sr the activation variableasr is gov-
erned by

dasr

dt
5

f~2hI sd2uasr!

tsr
, ~5!

where the constanth serves for increasing@Ca21# following
I sr , while u accounts for active elimination of intracellula
calcium. The temperature-dependent factors are defined

r5A1
(T2T0)/10, f5A2

(T2T0)/10, ~6!

whereA151.3, A253 andT0525 °C.
Thus the model is represented by four differential eq

tions: the first is for the membrane potentialV, the second is
for the activation of the potassium currentar , the third is for
the activation of the subthreshold depolarization currentasd ,
and the fourth is for the activation of the subthreshold re
larization currentasr . In numerical simulations the param
eter values aregsd50.25 mS/cm2, gsr50.4 mS/cm2, gd

51.5 mS/cm2, gr52.0 mS/cm2, gl50.1 mS/cm2, tsd

510 ms, tsr520 ms, t r52.0 ms, sd520.25 mV21, sr

520.25 mV21, ssd50.09 mV21, V0d5225 mV, V0r

5225 mV, V0sd5240 mV, h50.012, u50.17, Vsd5Vd

550 mV, Vsr5Vr5290 mV, Vl560 mV, and CM

51 mF/cm2. These parameter values yield a good agreem
of the model with the experimentally observed temperat
dependence of spike train patterns. For more details of
model and comparison with experiment, see Ref. 1.

III. BIFURCATIONS IN THE MODIFIED
HODGKIN–HUXLEY NEURON MODEL

The MHH model has been simulated numerically first
the absence of noise. For an easy comparison with elec
wnloaded 26 Jun 2007 to 134.124.123.228. Redistribution subject to AIP l
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physiological experiments, we use the interspike interv
tn , as a state variable. The interspike intervals are registe
by the membrane potential crossing a threshold~at 220 mV)
with positive derivative~Poincare´ surface of section!. Note
that for oscillatory neuron models they can be associa
with the instantaneous period of the action potential, wh
tn11 versustn represents the first return map of the syste

The bifurcation diagram of the MHH is shown in Fig.
and represents a classical route to chaos through a pe
doubling cascade30 up to a temperatureT'10 °C. The first
period doubling bifurcation occurs atT1'6.765 °C, the sec-
ond atT2'7.195 °C. Finally, forT.Tch'7.31 °C the sys-
tem becomes chaotic. Inside the chaotic region we obse
several periodic windows opened by a saddle-node bifu
tion and closed by a global bifurcation, namely an inter
crisis. This picture is very similar to that of the logistic ma
for example, the return maptn115 f (tn) looks like a logistic
map for T,8.5 °C, that is, a parabola with a single max
mum. However, with further increase of the temperature
shape of the return map changes from parabolic to a cu
with multiple maxima.

The focus of our interest is the abrupt increase of
duration of the interspike intervals in the region 10.658
,T,10.9 °C ~see Fig. 1!. For T,Tcr510.6589 °C the du-
ration of the interspike intervals is not larger than 1600 m
At T5Tcr an abrupt explosion of the interspike intervals o
curs. In Fig. 2 we show the return map before and after
transition. We see that after the transition an additional, w
separated part of the return map with longer time interv
appears. This transition is well pronounced in the return m
but it is difficult to recognize in the phase space of the s
tem: before and after the transition the phase portraits of
system have nearly the same structure. Thus, the signatu
this transition in phase space is the appearance of a new
of orbits within the attractor.

Let us study the explosion in the interspike intervals
detail. As mentioned above, long time intervals between c
secutive returns to a Poincare´ section can be considered as
indicator for the approach of a homoclinic orbit. Such a h

FIG. 1. Bifurcation diagram of the MHH system. The deterministic cas
icense or copyright, see http://chaos.aip.org/chaos/copyright.jsp
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moclinic orbit is associated with an equilibrium state
saddle type and its stable and unstable manifolds. In our
this saddle equilibrium is embedded in the already exist
chaotic attractor. It has two stable and two unstable dir
tions. The eigenvalues, corresponding to the stable di
tions, are real (l1,0,l2,0) while the eigenvalues, corre
sponding to the unstable directions, are complex (g1,25r
6 iv, r.0). Thus we have an equilibrium state of sadd
focus type. If we suppose that there exists a chaotic set
an embedded homoclinic orbit, then the eigenvalues of
equilibrium state should satisfy the Shilnikov condition18

2l.r. Indeed, the eigenvalues at a temperature valuT
510.7456 °C, which is, as we will show, close to the h
moclinic bifurcation, are:l1520.182, l2520.146, g1,2

50.327310226 i0.28231022 @the units of the eigenvalue
are in (ms)21]. From those values one can see that the t
real eigenvalues are comparable in magnitude. For this
son one cannot easily reduce the problem to the known c
of homoclinic bifurcations inR3.

In this model we have to deal with an equilibrium sta
of saddle-focus type having a two-dimensional stable an
two-dimensional unstable manifold. The return time for t

FIG. 2. The return maptn115 f (tn) for two parameters values:~a! T
510.6 °C and~b! T510.7 °C.
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homoclinic orbit itself is infinity. A separatrix loop is buil
up, where the outgoing path is tangent to the unstable m
fold while the returning path is tangent to the stable manif
of the equilibrium state. Nearby trajectories on the attrac
approach the equilibrium state along its stable manifold. T
motion slows down so that the trajectory spends a long t
in the neighborhood of the equilibrium state before it
ejected along the unstable manifold. The same happen
saddle limit cycles embedded in the attractor. If they a
close to the homoclinic orbit, then at least one point of t
saddle limit cycle is close to the saddle equilibrium state.
a consequence the Poincare´ return time of these saddle limi
cycles, that is their period, becomes also very large. T
motion on the saddle limit cycle slows down approaching
vicinity of the equilibrium state along its stable manifold.
Fig. 3 we show the dependencies of the periods of differ
limit cycles versus the control parameter calculated using
continuation softwareCONTENT.31 In particular, we show the
period-1 cycle~which is born from the equilibrium point in a
Hopf bifurcation!, the period-2 cycle~which is born from the
period-1 cycle trough a period-doubling bifurcation atT
'6.765 °C), and the period-3 cycle@which is born via
saddle-node bifurcation atT'7.58 °C ~see Fig. 1!#. Al-
though these cycles possess turning points at different t
perature values, their periods diverge at the same temp
ture value T'10.7456 °C. Extensive calculations hav
shown qualitatively the same behavior for other limit cycl
of higher periods: they are accumulated and their peri
diverge atT'10.7456 °C.

The computation of the homoclinic orbit itself using d
rect numerical methods or perturbation methods is rather
ficult since the saddle-focus has a two-dimensional sta
and two-dimensional unstable manifold with two stable r
eigenvalues very close to each other. Therefore, we can s
the evidence of the homoclinic bifurcation only by the d
cussed indirect indicators.

The phase portrait of the system reflects the beha
discussed above. In Fig. 4 we show a two-dimensional p

FIG. 3. Periods of different limit cycles versus temperature:~1, solid line!
the period-1 cycle,~2, dashed line! the period-2 cycle, and~3, dotted line!
the period-3 cycle.
icense or copyright, see http://chaos.aip.org/chaos/copyright.jsp
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FIG. 4. ~Color! Two-dimensional projection of the phase portrait of the system atT510.65 °C~a! andT510.7456 °C~b!. A neighborhood of the saddle
focus equilibrium point is also shown. The gray dots represent the chaotic attractor; the black-filled circle is the saddle-focus equilibrium state;the unstable
limit cycles of periods 1, 2 and 3 are shown by blue, red, and green bold lines, respectively.
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jection of the chaotic attractor for two parameter values: o
before the suspected homoclinic bifurcation and the othe
the temperature value where we find the divergent beha
discussed above. We also plot the saddle cycles and
saddle-focus equilibrium point. AtT510.65 °C, that is be-
fore the suspected bifurcation, the saddle-focus is not
cluded into the saddle cycles. The saddle cycles are loc
far from each other. However, at the temperatureT
510.7456 °C the saddle cycles are extremely close to
saddle-focus. Moreover, they are extremely close to e
other, that is, the period-1 cycle is a part of the period
cycle, the period-2 cycle is a part of the period-3 cycle a
so on. At the same time, as it can be seen from the figur
large fraction of the phase trajectories passes the vicinit
the saddle focus. Unfortunately, we were not able to comp
the homoclinic orbit itself, but each of the presented sad
wnloaded 26 Jun 2007 to 134.124.123.228. Redistribution subject to AIP l
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orbits can be considered as a candidate for it.
We note that, as soon as the phase trajectory approa

the vicinity of the equilibrium state, the motion of the syste
slows down, so that the phase trajectory spends a long
in the neighborhood of the equilibrium state. This gives r
to very long interspike intervals. To support this argume
we present in Fig. 5 the dependence of the minimal dista
between the saddle-focus and the trajectory on the cha
attractor versus control parameter and the maximal reside
time of the phase trajectory spent in a small neighborhood
the equilibrium state. As can be seen, the distance beco
very small at a certain parameter value and the phase tra
tories of the system spend a maximal time near the equ
rium state. These plots together with the discussed bifu
tion diagram suggest that the homoclinic bifurcation occ
at T'10.7456 °C.
icense or copyright, see http://chaos.aip.org/chaos/copyright.jsp
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IV. STATISTICAL PROPERTIES OF THE RETURN MAP

Our numerical simulations have shown that in the vic
ity of the transition to the existence of very long interspi
intervals@see, e.g., Fig. 2~b!# the system spends a long tim
in the first region of relatively short interspike intervals (tn

,1600) and very seldomly visits the second region w
rather long intervals. This process, therefore, displays an
termittency between the region of the return map with sh
interspike intervals and the second region represented
long intervals. Within the second region of long intervals t
trajectory on the attractor comes very close to the sad
focus associated with the homoclinic orbit yielding long r
turn times. Intermittent processes in chaotic systems are
ally characterized by a power law scaling of the mean ti
interval between bursts,^t&, with overcriticality uT2Tcru.

30

In our casê t& is represented by the mean length of traje
tory segments of short interspike intervals in-between t
bursts, i.e., two events with long interspike intervals. T
numerically found critical parameter valueTcr510.659 °C
denotes the onset of intermittency. In order to verify whet

FIG. 5. ~a! Minimal distance between the saddle-focus equilibrium state
the trajectories on the chaotic attractor versus control parameter.~b! Maxi-
mal residence time of the trajectories in a small neighborhood (d50.01) of
the saddle-focus.
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this type of behavior can also be found for intermittent b
havior close to a homoclinic bifurcation we calculated^t& as
a function of uT2Tcru for 23105 interspike intervals for
each parameter value. The result is shown in Fig. 6 an
fairly well described by the power laŵt&}(T2Tcr)

2g with
the slopeg'0.52. Thus, we obtain a similar exponentg as
for other intermittent processes in chaotic systems.

V. NOISE INFLUENCE ON THE MHH MODEL

Since all biological systems are inherently noisy, it
necessary to test how robust the above described transiti
against noise. For this purpose we include an additive w
Gaussian noisej(t), ^j(t)&50, ^j(t)j(t1s)&52Dd(s),
whereD is the intensity, into the first equation of the MHH
for the membrane potential and study numerically the co
sponding set of stochastic differential equations. It turns
that the system is extremely sensitive to this noise. The
furcation diagram of the noisy system is shown in Fig. 7

d

FIG. 6. Mean length between bursts^t& versus overcriticalitye5T2Tcr

~circles! and power law fit~dashed line! e2g, g50.52.

FIG. 7. Bifurcation diagram of the stochastic MHH system withD
50.001.
icense or copyright, see http://chaos.aip.org/chaos/copyright.jsp
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D50.001. Although almost all fine structure of the bifurc
tion diagram is blurred by the noise, the transition stud
above in a noiseless system is still well pronounced: agai
a certain value of the temperature there is an explosion
interspike intervals. However, the transition appears to
smoothed and the critical parameter values are shifted
wards smaller values of temperature.

Let us discuss the statistical properties of intermitten
near the explosion of interspike intervals. To reveal the s
ing of the noise-driven system we follow recipes of Ref. 3
where the noise influence on crisis-induced intermittency
been studied. According to the theoretical prediction of
above-mentioned study, the mean time between bursts ve
noise intensity, calculated at the onset of intermittency of
noise-free system, scales with noise intensityD by the power
law ^t&}Dg/2, whereg is scaling exponent of the noise-fre
system.

We calculate the mean length of trajectory segme
with only short interspike intervals between two events w
long interspike intervals versus noise intensity at the criti
point T5Tcr . The dependence of^t&(Tcr) versus noise in-
tensity is shown in Fig. 8 and is well scaled by the power l
D2a with the scaling constanta'0.27. The good agreemen
with the expected valueg/250.26 is a strong indication tha
a similar scaling relation as for the crisis-induced interm
tency holds also for the noise perturbed homoclinic bifur
tion.

VI. PHYSIOLOGICAL EVIDENCE OF THE HOMOCLINIC
BIFURCATION

As stated above, only indirect evidence of the h
moclinic bifurcation can be expected from actual physiolo
cal experiments. In particular, we seek evidence of an ex
sion of the interspike time intervals using temperature as
control parameter. Moreover, one must search in sen
neurons which are known to exhibit subthreshold oscillat
similar to those described by the MHH model. In this se

FIG. 8. Mean length between bursts^t& versus noise intensityD ~circles!
and power law fit~dashed line! D2a, a50.27 at the critical pointT
5Tcr .
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tion, we offer qualitative evidence of the homoclinic bifu
cation obtained from extracellular recordings of the d
charges from the caudal photoreceptor cell embedded in
crayfish sixth, or terminal, ganglion. Indeed period-1 u
stable periodic orbits13 and other noisy periodic behavior33

have previously been observed in this system.
The preparation has been described previously33 but will

be very briefly reviewed here. Crayfish~Procambarus clar-
kii! of approximately 1 year of age were obtained. The a
domen and tailfan were isolated quickly and fixed vent
side up in a dissection chamber filled with crayfish sal
solution. The exoskeleton and muscles were removed in
der to expose the sixth or terminal ganglion. The intact c
dal photoreceptor~CPR! cell was then removed from th
sixth ganglion and transferred to a recording chamber wh
the temperature of the saline bath was controlled. An ex
cellular electrode was attached to the CPR cell, and lo
sequences of action potentials~spike trains! were recorded at
various bath temperatures.

Our data are presented as the record of interspike t
intervals versus temperature as shown by the three pane
Fig. 9. These records were obtained from three separate
mals. All three show at least qualitative evidence of the h
moclinic bifurcation in the form of an explosion of the inte
spike time intervals that occurs at a more-or-less identifia
critical temperature. The best indication is shown in F
9~a!, where the onset of the explosion occurs with decreas
temperature at approximately 8.3 °C. This recording is p
ticularly interesting, because it clearly shows the initial p
riod doubling bifurcation at about 13.5°C followed by wh
appears to be a chaotic region. Moreover, this region
cludes at least two periodic windows atT'10.8 °C and
12.1 °C. Similar evidence of a period doubling bifurcatio
followed by an explosion of interspike intervals at low tem
peratures has been obtained for the rat cold receptor neu
as shown in Fig. 6 of Ref. 15. The recordings shown in Fi
9~b! and 9~c! are less clear, but both show the explosi
upon increasing temperature. Figure 9~b! also shows some
evidence of the period doubling bifurcation atT'9.2 °C.

Not all CPR cells show this behavior. We tested 16 C
cells from 16 different animals. Of these only four show
evidence of the bifurcation. Moreover, we emphasize that
physiological evidence presented here is only qualitati
Nevertheless, it is indicative and suggests further exp
ments as well as an explanation for time interval explosio
observed in pacemaker cells grounded in the nonlinear
namics of the underlying chaotic attractor.

VII. SUMMARY

We have analyzed the bifurcation structure of a modifi
Hodgkin–Huxley-type model to explain an explosion of i
terspike intervals in terms of a homoclinic bifurcation. The
are a number of arguments which support this explanat
namely the exponential growth of the Poincare´ return times
of saddle periodic orbits with different periods and the
closeness to the saddle equilibrium state embedded in
attractor. We obtained an accumulation of these saddle p
odic orbits as we approach the homoclinic bifurcation. Clo
icense or copyright, see http://chaos.aip.org/chaos/copyright.jsp
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Do
to the expected homoclinic orbit we find an intermitten
between stretches of trajectories with only short intersp
intervals and excursions to long interspike intervals. The
scribed bifurcation picture suggests the following mec
nism for the observed explosion of the interspike interva
As we approach the homoclinic bifurcation of the sad
equilibrium state, the phase trajectory on the chaotic attra
spends a considerable amount of time in the vicinity of
saddle-focus equilibrium point. This leads to the appeara
of very long interspike intervals. At the onset of this tran
tion the phase trajectories reach the neighborhood of
saddle-focus very rarely, so that the long interspike interv
appear very seldom too. With the increase in the con
parameter, the system approaches the homoclinic bifu
tion; the phase trajectories come closer and more freque
to the saddle-focus. As a result a larger number of the l
interspike intervals appears and the mean length betw

FIG. 9. Interspike time interval recordings versus temperature of the sa
bath for three different crayfish caudal photoreceptor cells.
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bursts decreases. The divergent behavior of interspike in
vals can be observed for both cases of increasing and
creasing temperature, when the control parameter approa
the homoclinic bifurcation.

It is important to note that averaged characteristics u
ally calculated in electrophysiology, e.g., mean firing ra
are insensitive to the complex behavior discussed in this
per. The existence of a global bifurcation and its drasti
consequence, that is, the explosion of the interspike interv
suggests that the temporal code might be an appropriate
coding scheme for thermoreceptors. Specifically, the occ
rence of long interspike intervals probably indicates the
proach to painful temperatures, while the explosion
interspike intervals, which, as we have shown, occurs du
the homoclinic bifurcation, physiologically means a bloc
age of neuron activity. Furthermore, this transition is rob
against noise and is observable in the experiment. Howe
further experiments are necessary to understand the ph
ological significance of the phenomenon studied here.
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