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Connectivity, compactness, the Hausdorff condition.
Topological equivalence and topological constructions: disjoint unions, prod-
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Learning Outcomes

At the end of this course the student should

1) understand the topological approach to continuity and be able to check
continuity for elementary functions
2) understand simple topological properties such as connectedness, be able
to verify them for simple spaces and derive some of their consequences
3) be familiar with simple topological constructions such as products and
quotients
4) be able to calculate the Euler number of a cellular space
5) be unable to tell the difference between a doughnut and a coffee cup
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Here you will find my lecture notes, together with the Examples Sheets and
model solutions.
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Introduction

Topology is one of the better known areas of modern mathematics. Most people
have heard the statement that a topologist is someone who cannot tell the
difference between a coffee cup and a doughnut. This is true, and by the end
of the course you should understand why. So the key feature seems to be that
topology ignores some aspects of the world we live in. All areas of maths do
that in some way, otherwise they would be too difficult. So, why does topology
ignore the things it does ? What is it trying to do ? To answer these questions,
let’s look at a few examples.

The simplest example is the fact that every continuous function from R to
the integers is constant. We do not need to know anything about the function
apart from the fact that it is continuous. Then, somehow, the natures of R and
Z force that function to be constant. What matters here is the ‘topology’ of R
and Z.

Another example is the fact that any continuous real function defined on the
interval [0, 1] (of all real numbers x such that 0 ≤ x ≤ 1) must be bounded, i.e.
there is some number k such that −k < f(x) < k for all x ∈ [0, 1]. By contrast,
a continuous function defined on the whole real line R need not be bounded
on R. The function f(x) = x2 is an example of an unbounded function on R.
So something about [0, 1] causes functions to be bounded whereas R does not.
Again, it is the ‘topology’ of [0, 1] and the ‘topology’ of R which produces this
different behaviour.

Finally, in complex analysis there is an even starker example. If you have
a disk-like region, and a complex valued function defined everywhere on that
region (i.e., without any poles in the region) then every contour integral of the
function in that region will be 0. If, on the other hand, you take an annulus
(i.e., a disk with its centre removed) and a complex valued function defined
everywhere on that region, then it does not follow that every contour integral
will be 0. There may be poles of the function inside the smaller disk, and a
contour that loops round that region will then give a non-zero integral.
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An annulus with a ‘non-trivial’ contour

What these examples have in common is that the shape (‘topology’) of the
domain and range of a continuous function determines, to some extent, the
behaviour of the function. Topology aims to exploit this: to study continuous
functions without looking at the functions themselves. We ignore the functions,
and focus on the region on which they are defined, and the region in which they
take values.
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1 Continuous Functions

Topology is really just the study of continuous functions. In Analysis you will
have met one definition of continuity; we will take this as our starting point.

1.1 Continuity by ε and δ

Recall that the idea is that if we have a function f : R→ R then, it is continuous
at a point a ∈ R if, whenever x gets sufficiently close to a, then f(x) gets
sufficiently close to f(a). We make that precise by saying that for any ‘margin
of error’ ε > 0, there is some δ > 0 such that the distance between f(x) and
f(a) is less than ε whenever the distance between x and a is less than δ. In
other words, if x is between a− δ and a + δ, then it is guaranteed that f(x) is
between f(a) − ε and f(a) + ε. Writing (b, c) for the set {x ∈ R : b < x < c},
we can summarise this condition as:

x ∈ (a− δ, a + δ) =⇒ f(x) ∈ (f(a)− ε, f(a) + ε).

If this happens for every point a ∈ R then we say that f is continuous.
This is the standard definition of continuity and every mathematics student

should know it. But, between you and me, it scares the life out of most people.
Those εs and δs are infamous terrorists, giving nightmares to thousands of
innocent students. Topology is based on replacing that definition by a much
friendlier one. However, before we can approach that definition, we need to
understand ‘preimages’ and ‘open sets’.

1.2 Preimages

Definition: If f : D → C is a function, and Q is a subset of C, then the
preimage of Q under f , written f−1(Q), is the subset of D defined by

f−1(Q) = {x ∈ D : f(x) ∈ Q}.

So the preimage of Q consists of all points which get mapped to Q by f .

Example 1 Let f : R→ R be the function f(x) = 4x2 − 4x.

-
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Then some preimages are:

f−1(R) = R f−1[−1,∞) = R
f−1(−1,∞) = R− { 1

2} f−1(−∞,−1] = ∅
f−1(−∞, 0] = [0, 1] f−1(−∞, 0) = (0, 1)
f−1[0,∞) = (−∞, 0] ∪ [1,∞) f−1(0,∞) = (−∞, 0) ∪ (1,∞)
f−1{0} = {0, 1} f−1{24} = {−2, 3}
f−1(−∞,−1] = { 1

2} f−1(8, 24) = (−2,−1) ∪ (2, 3)
f−1(∅) = ∅

So we see that the preimage of a set can be a single point, or a set of points,
or it may even be empty.

WARNING: The notation f−1(Q) can be confusing, because it looks like
we are assuming that f has an inverse function f−1. This is not the case: we
can define preimages for any function; the function f certainly does not need to
be invertible for this.

1.3 Open Sets

An expression such as |x − a| < δ, as in the definition of continuity, says that
the distance from x to a is less than δ. So, thinking of a as fixed, this says
that x can be any point within δ units of a. We write (a− δ, a + δ) for the set
of all such points, since they form the set of points between a − δ and a + δ,
excluding the end-points a− δ and a + δ. Then (a− δ, a + δ) is called an open
interval. For example, (2, 5) is the open interval of all points between 2 and 5,
but excluding 2 and 5 themselves.

On the other hand, the closed interval [2, 5] = {x ∈ R : 2 ≤ x ≤ 5}
includes the end-points 2 and 5 as well.

The difference between open and closed intervals is that every point in an
open interval (a, b) has some ‘breathing space’. That is to say, for every point
x ∈ (a, b), there is some δ > 0 such that (x − δ, x + δ) is contained in (a, b).
For example, if x ∈ (0, 2), and x ≤ 1, then we can take δ to be x, so that
(x− δ, x + δ) = (0, 2x) ⊂ (0, 2), while, if x > 1, we can take δ = 2− x, so that
(x− δ, x + δ) = (2x− 2, 2) ⊂ (0, 2).

For a closed interval, there are points which do not have any such breathing
space. For example the point 2 in [2, 5] has no breathin space: if δ > 0, then
(2− δ, 2 + δ) includes some numbers less than 2, such as 2− δ

2 . Since 2− δ
2 < 2,

so 2− δ
2 6∈ [2, 5]. Hence (2− δ, 2 + δ) 6⊂ [2, 5] no matter what δ is (as long as it

is > 0).

Definition: A subset Q ⊂ R is open if, for every point x ∈ Q, there is
some δ > 0 (dependent on x) such that the open interval (x − δ, x + δ) is
contained within Q.
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We call an open interval (x− δ, x + δ) the open ball of radius δ about x.
With this definition, all open intervals are open. But we also have unions

such as (0, 2) ∪ (5, 10); these are open too.
Having defined ‘open’ in this way, we then define the term ‘closed’ as follows.

Definition: A subset Q ⊂ R is closed if its complement R−Q is open.

Then [2, 5] is closed, because its complement is (−∞, 2) ∪ (5,∞) and this is
open.

But: a ‘half-open’ interval e.g. (2, 5] = {x ∈ R : 2 < x ≤ 5} is not open as 5
has no breathing space. And its complement, (−∞, 2] ∪ (5,∞) is not open, as
2 has no breathing space. Hence (2, 5] is neither open nor closed.

Conversely, some subsets of R are both open and closed. For example ∅ and
R. To see that ∅ is open, note that the definition requires breathing space around
every point in ∅. But ∅ contains no points, so the definition is automatically
satisfied. If this seems too pedantic, just accept that it is more convenient to
think of ∅ as open.

Since ∅ is open, so R is closed, being the complement R− ∅. On the other
hand, R is open, so ∅ is closed. Hence both ∅ and R are both open and closed.

Theorem 2 If f : R→ R is continuous (in the ε-δ sense) then f−1(S) is open
whenever S ⊂ R is open. And vice versa: if f−1(S) is open whenever S is an
open subset of R, then f is continuous.

Proof For the first part we assume that f is continuous, so for every point
a ∈ R, and every ε > 0, there is some δ > 0 such that

x ∈ (a− δ, a + δ) =⇒ f(x) ∈ (f(a)− ε, f(a) + ε).

Now let S be an open subset of R. To show that f−1(S) is open, let a be any
point in f−1(S), and we will find a number δ such that (a− δ, a + δ) ⊂ f−1(S).
If a ∈ f−1(S) then f(a) ∈ S and so, as S is open, there is some ε > 0 such
that (f(a) − ε, f(a) + ε) ⊂ S. Since f is continuous, this means that we can
find a δ such that f(x) ∈ (f(a)− ε, f(a) + ε) whenever x ∈ (a− δ, a + δ). Since
(f(a − ε), f(a) + ε) ⊂ S, we see that f(x) ∈ S whenever x ∈ (a − δ, a + δ).
That means (a− δ, a + δ) ∈ f−1(S), which is just what we needed to show that
f−1(S) is open.

Now, to prove the converse, suppose that f−1(S) is open whenever S is open.
Let a be any point in the domain of f and ε any positive real number. The
interval (f(a)− ε, f(a) + ε) is open, so its preimage under f is also open. This
preimage contains a, because f(a) is contained in (f(a)− ε, f(a) + ε). So, as it
is open, we can find an interval (a− δ, a + δ) contained in the preimage.

So

x ∈ (a− δ, a + δ) ⊂ f−1(f(a)− ε, f(a) + ε) =⇒ f(x) ∈ (f(a)− ε, f(a) + ε)

Thus f is continuous. •
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So we can tell if a function R → R is continuous or not by looking at the
preimages of the open sets. (The term preimage always refers to a function.
When the function is not mentioned explicitly, it is assumed that the context
makes clear what function we are talking about).

Example 3 Let f : R → R be the function f(x) = 2x + 3. To prove this is
continuous, let S ⊂ R be any open subset. We need to show that the preimage
f−1(S) is open, so take any point a ∈ f−1(S). So f(a) ∈ S, i.e. 2a + 3 ∈ S.
Since S is open, there is some δ > 0 such that (2a + 3− δ, 2a + 3 + δ) is in S.
In other words,

(2(a− δ

2
) + 3, 2(a +

δ

2
) + 3) ⊂ S.

Hence, if x ∈ (a − δ
2 , a + δ

2 ) then f(x) ∈ (2(a − δ
2 ) + 3, 2(a + δ

2 ) + 3), and so
f(x) ∈ S. Hence (a − δ

2 , a + δ
2 ) is contained in f−1(S). Thus f−1(S) is open,

so f is continuous.

We have seen that ∅ and R are open sets in R. We also have:

Proposition 4 Any union of open subsets in R is open.

Proof Let S1, S2, . . . be open subsets of R, and let U =
⋃

i Si be their union.
So x ∈ U means x ∈ Si for some i. If x ∈ U , then x ∈ Si which, as Si is open,
means there is some δ > 0 such that (x − δ, x + δ) ⊂ Si. If every point of this
open ball is contained in Si then it is contained in the union U . Hence any point
in U has the requisite breathing space and so U is open.

Now, writing S1, S2, . . . is actually too restrictive. If we had one open set
for each real number, say, then we can’t count them in this way, as we cannot
count the real numbers. So we must say, let Si for i in some ‘indexing set’ I
(which would be the set R of real numbers in this hypothetical example) be
open subsets . . . . The rest of the proof still works, so the proposition really
does hold for any union of open subsets. •

Intersections behave rather differently.

Example 5 An infinite intersection of open subsets of R need not be open. Let

S1 = (−1, 1), S2 = (−1,
1
2
), S3 = (−1,

1
3
), Si = (−1,

1
i
),

and let I be the intersection

I = S1 ∩ S2 ∩ S3 ∩ · · · .

So I consists of all real numbers x which belong to every single Si. Now, every
number between −1 and 0 belongs to I, because every such number belongs to Si

for all i. And 0 is in Si for all i, since 0 < 1/i for all i. Hence the half-open
interval (−1, 0] is contained in I. But nothing else is. For if x ≤ −1 then x 6∈ S1

and so cannot be in I. And if x > 0, then we can find some integer n such that
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x > 1
n . (Write x as a decimal, e.g. x = 0.00 · · · 003 · · ·. This is bigger than

0.00 · · · 001 = 1/10k where k is the number of 0s between the decimal point and
the 1.) Hence x 6∈ Sn. Since x does not belong to all of the Sis, x does not
belong to I.

But I = (−1, 0] is not open: the point 0 is contained in I, but every interval
centred on 0 contains a point bigger than 0 and so outside I.

So not all intersections of open subsets are open. However, things are okay
if we take finite intersections.

Proposition 6 A finite intersection of open subsets of R is open.

Proof Let S1, . . . , Sn be open subsets of R and let I be their intersection. If
x ∈ I then x ∈ S1, x ∈ S2 and so on. Since S1 is open and x ∈ S1, there is some
interval centred on x, contained in S1. Let (x− δ1, x + δ1) be such an interval.
Similarly, there is an interval centred on x contained in S2. Let (x− δ2, x + δ2)
be such an interval. Carrying on in this way, we get intervals (x− δi, x + δi) for
each i up to n. Let d be the minimum

d = min(δ1, δ2, . . . , δn).

Since there are a finite number of δs here, and all are positive, so d is positive.
And since d ≤ δi for all i, we see that (x−d, x+d) is contained in (x−δi, x+δi)
for all i. Hence (x− d, x + d) is contained in Si for all i, and so (x− d, x + d) is
contained in I.

Hence, for every point in I, we have constructed an interval, centred on x,
contained in I. Thus I is open. •

So we have the following facts about open sets in R:

1. The whole real line is open

2. The empty set is open

3. Arbitrary unions of open sets are open

4. Finite intersections of open sets are open
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2 Topology

So we can formulate continuity purely in terms of open sets, banishing those εs
and δs completely. That is the basis of topology, but we would like to apply it
to more than just functions on the real line. In order to define continuity for
functions between any sets, we have seen that we only need to know what the
‘open sets’ are. To ensure that the definition is reasonably sensible, we insist
that they satisfy the same four properties we listed above.

Definition: A topological space X is a set, together with a list, T , of
subsets of X, called ‘open’ sets, which satisfy the following rules:

T1. The set X itself is ‘open’

T2. The empty set is ‘open’

T3. Arbitrary unions of ‘open’ sets are ‘open’

T4. Finite intersections of ‘open’ sets are ‘open’

The collection T is called the topology on X.

Example 7 The basic example is R, with the sets that we defined above to be
open. We have already noted that they satisfy these four properties. So R,
together with these sets, is a topological space.

Example 8 If B is the set {0, 1} consisting of just two elements, then we can
make this a topological space in a couple of different ways.

Firstly, we could agree that only the empty set ∅ and the whole set {0, 1} are
to be called open. This satisfies axioms T1 and T2. T3 is also satisfied because
the only possible union of open sets is where we take ∅ ∪ {0, 1} and the result
here is {0, 1} which, we have agreed, is open. Finally, T4 is also true, for the
only intersection is ∅ ∩ {0, 1} which is ∅ which, we’ve agreed, is open.

With this topology, the closed sets of {0, 1} would just be the empty set ∅ and
the whole set {0, 1}. Nothing else has a complement which is open, so these are
the only closed sets. The remaining subsets {0} and {1} are neither open nor
closed.

Example 9 On the other hand, we can make B a topological space in a different
way, by letting all the subsets ∅, {0}, {1}, {0, 1} be called open. The axioms are
then satisfied, because the empty set and the whole set are included in our list
of empty sets, and any intersections or unions will be open since all subsets are
open. Since every subset is open, so every subset is closed as the complement of
any subset will again be a subset and hence open.

Example 10 In fact, given any set S, there are at least two ways of making
S a topological space, illustrated by the preceding examples. On the one hand,
we can call only the empty set and S itself open. This is called the indiscrete
topology on the set S.
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And we can take all the subsets of S to be open. This gives the discrete
topology. A set with the discrete topology is called a discrete space.

In a topological space X, a subset Q ⊂ X is said to be closed if its comple-
ment X −Q is open, i.e. X −Q belongs to the topology on X. For example, in
the indiscrete version of {0, 1}, the only closed subsets are {0, 1} and ∅, while
in the discrete version of {0, 1}, all subsets are closed.

The whole point of defining the term ‘topological space’ was to enable us to
make the following definition.

Definition: A function f : S → T between two topological spaces is con-
tinuous if the preimage f−1(Q) of every open set Q ⊂ T is an open subset
of S.

We often write map instead of ‘continuous function’.

Example 11 Let B = {0, 1} with the discrete topology and define f : B → R
by f(0) = −1, f(1) = 1. To check whether or not f is continuous, let U be any
open set of R. Then

f−1(U) =


{0} if −1 ∈ U and 1 6∈ U
{1} if −1 6∈ U and 1 ∈ U
{0, 1} if −1 ∈ U and 1 ∈ U
∅ if −1 6∈ U and 1 6∈ U.

In each case, the preimage is a subset of B and, since B is discrete, it is open.
Hence every preimage of an open set is open, i.e. f is continuous.

Example 12 Now let I = {0, 1} with the indiscrete topology, and B be as above,
and define g : I → D by g(0) = 1, g(1) = 0. Then to check whether or not g is
continuous, we need to look at all the open sets in D. These are: ∅, {0}, {1},
{0, 1}. Their preimages are:

g−1(∅) = ∅, g−1{0} = {1}, g−1{1} = {0}, g−1{0, 1} = {0, 1}.

In the first and last case, the preimage is open. But, as I is indiscrete, the
subsets {0} and {1} are not open, so the preimages g−1{1} and g−1{0} are not
open. Since there are open setes in D whose preimages in I are not open, g is
not continuous.

Since continuity is defined in terms of open sets, if we change the topology
(i.e. the list of open sets) then we change the notion of continuity. The following
Proposition tells us something about the notion of continuity for the discrete
and indiscrete topologies.

Proposition 13 If S has the discrete topology and T is any topological space,
then any function f : S → T is continuous.

If S has the indiscrete topology and T is any topological space, then any
function f : T → S is continuous.
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Proof If f : S → T is to be continuous, the preimage of any open set must be
open. But if S has the discrete topology, then every subset of S is open, so in
particular, every preimage of an open set must be open. Thus f is continuous.

If f : T → S is to be continuous where S has the indiscrete topology, then
the preimage of any open set in S must be open in T . But the only open sets
in S are the empty set and the whole set S. The preimage of ∅ ⊂ S is ∅ ⊂ T ,
which is open. And the preimage of S ⊂ S is the whole of T , which is also open.
•

Nevertheless, whatever topologies we use, composites of continuous maps
are always continuous.

Proposition 14 If R,S, T are topological spaces and f : R → S, g : S → T
are continuous functions, then g ◦ f : R→ T is continuous.

Proof Let U ⊂ T be an open set. As g is continuous, g−1(U) is open and
hence, as f is continuous, f−1(g−1(U)) is an open set in R. Now (g ◦f)−1(U) =
f−1(g−1(U)) since

(g ◦ f)−1(U) = {r ∈ R : g ◦ f(r) ∈ U} = {r ∈ R : g(f(r) ∈ U}
= {r ∈ R : f(r) ∈ g−1(U)} = f−1(g−1(U))

Hence (g ◦ f)−1(U) is open whenever U is, i.e. g ◦ f is continuous. •

So, a topological space is a set of points, together with a list of open sets.
This is not an easy thing to imagine, as the list of open sets will usually be very,
very long.

Another way to think of the topology (the list of open sets) is as the glue
which sticks the points together. If you take away the topology, then the points
are like dust and will fall to the floor leaving no trace of how they were joined
together. The topology is what explains how things are glued together.

2.1 More Examples of Topological Spaces

In order to construct more interesting examples of topological spaces, we need
to be able to use higher dimensions. We can topologize R2 as follows.

Example 15 We put a topology on R2 in a similar way to R. For any point
(x, y) in R2 and real number δ > 0, let

Bδ(x, y) = {(x′, y′) ∈ R2 :
√

(x′ − x)2 + (y′ − y)2 < δ}.

We call this the open ball of radius δ around (x, y); it is analogous to the open
interval (x − δ, x + δ) in R. A subset of Q ⊂ R2 is defined to be open if, for
every (x, y) ∈ Q, there is some δ > 0 such that Bδ(x, y) is contained in Q.

The proof that this topology satisfies the axioms is much the same as for R.

To give some evidence that this is the ‘right’ topology, we will look at some
familiar maps from R2 to R.
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Example 16 The addition map A : R2 → R, A(x, y) = x + y is continuous.
To see this, let U be an open set in R, so we must show that A−1(U) is open.
Let (a, b) be any point in A−1(U), so a + b = A(a, b) ∈ U . As U is open, there
is some δ such that the interval (a + b − δ, a + b + δ) is contained in U and,
hence, A−1(a + b− δ, a + b + δ) ⊂ A−1(U). The set A−1(a + b− δ, a + b + δ) is
the region of R2 between (but not including) the two lines y = a + b− δ−x and
y = a + b + δ + x.
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y = a + b− δ − x

y = a + b + δ − x

•
(a, b)

�����	

δ√
2

Now (a, b) is equally spaced between the two boundary lines, so the distance
from (a, b) to the nearest point on the boundary is d = δ/

√
2. Hence Bd(a, b) ⊂

A−1(a+b−δ, a+b+δ) ⊂ A−1(U). So around the point (a, b) ∈ A−1(U) there is
an open ball contained in A−1(U) and hence A−1(U) is open in R2, as required.
Thus A is continuous.

Example 17 Similarly, multiplication R2 → R is continuous.

Example 18 The diagonal map d : R → R2 defined by d(x) = (x, x) is con-
tinuous. To see this, let Q ⊂ R2 be open and x ∈ d−1(Q). Thus d(x) =
(x, x) ∈ Q, and there is some δ > 0 such that Bδ(x, x) is contained in Q. If
y ∈ (x− δ√

2
, x+ δ√

2
) ⊂ R, then d(y) lies on the straightline from (x− δ√

2
, x− δ√

2
)

to (x+ δ√
2
, x+ δ√

2
) in R2, and is contained in Bδ(x, x). Hence (x− δ√

2
, x+ δ√

2
) ⊂

d−1(Q), and d−1(Q) is open. So the preimage of any open subset of R2 is open
in R, i.e. d is continuous.

Corollary 19 Any polynomial f : R → R, f(x) = a0 + a1x + · · · + anxn is
continuous.

Proof The function f can be expressed as a composite of multiplications, ad-
ditions and inclusions which, by the preceding Examples is continuous. •

Example 20 We can topologize n-dimensional space, Rn, in the same way as
R2, using the open ball

Bδ(x) = {y ∈ Rn : d(x,y) < δ},

where d(x,y) =
√

(x1 − y1)2 + · · ·+ (xn − yn)2 if x = (x1, . . . , xn) and y =
(y1, . . . , yn). We then say that a subset of Rn is open if, around every point in
the subset, we can find an open ball contained in the subset.
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Notice how we have put a topology on Rn using only the concept of distance
between two points. We can do the same in any set which has a reasonable notion
of distance; such sets are called metric spaces. This is one way of generating
examples of topological spaces. Another is by topologizing subsets of known
topological spaces.

If T is any topological space (for example, Rn), and S ⊂ T is any subset of
T , then the subspace topology on S is defined as follows: A subset of S is
said to be open (in the subspace topology) if it is the intersection of S with an
open set in T . We then refer to S as a subspace of T .

Example 21 Let Z denote the set of integers, a subset of R. If we topologize
Z by the subspace topology, then every set is open. For if n ∈ Z, then {n} =
Z ∩ (n− 1

2 , n + 1
2 ), the intersection of Z with an open set of R. So {n} is open

in Z and, since any union of open sets if open, so any subset of Z is open. In
other words, the subspace topology on Z is the same as the discrete topology.
So we say that Z is a discrete space. Proposition 13 then tells us that every
function whose domain is Z is continuous.

Example 22 Let S1 be the subset of R2 consisting of all points on the circle
of radius 1 around the origin, i.e.

S1 = {(x, y) ∈ R2 : x2 + y2 = 1},

with the subspace topology. This says that a subset of S1 is open if it is the
intersection of S1 with an open set in R2. So, for example, one open set in R2

is the open ball B1(1, 1) and hence one open set in S1 will be the intersection S1∩
B1(1, 1) which is the quarter-circle between 12 o’clock and 3 o’clock, excluding
the end points (12 and 3 o’clock).

The circle S1 and one of its open sets

Example 23 The 2-sphere S2 is the analogous subset of R3,

S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1},

with the subspace topology.
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Example 24 Similarly, we can take the subset consisting of all points of length
1 in Rn+1, with the subspace topology. We call this space the n-sphere, denoted
by Sn.

We can even allow n = 0: S0 is the set of all points of length 1 in R, so S0

consists of just two points {+1,−1}.
The reason we write Sn, rather than Sn+1, for the sphere in Rn+1 is because,

locally, Sn looks like Rn. For example, near the North pole, the circle S1 looks
just like a line, and S2 looks just like a plane.

Example 25 Another useful subset of R2 is the set of non-zero points, R2 −
{0}, sometimes written C×, as it corresponds to the set of invertible complex
numbers. We can think of R2−{0} as a topological space by using the subspace
topology.

Similarly, we can take Rn−{0} for any n, and topologize this as a subspace
of Rn.

The subspace topology sometimes gives rise to unexpected open sets.

Example 26 Let [0, 1] be the closed interval in R. With the subspace topology
we can view [0, 1] as a topological space in its own right. Then any interval (a, b)
with 0 ≤ a < b ≤ 1 is open, but also an interval [0, b) with b ≤ 1 is open as
a subset of [0, 1], since [0, b) is the intersection [0, 1] ∩ (−1, b) of [0, 1] with the
open interval (−1, b) ⊂ R. Similarly, any interval (a, 1] = [0, 1]∩ (a, 2) is open.
And, of course, [0, 1] is open too.

So we need to be careful which topological space we are considering when
we say that a certain set is open.

Example 27 If we take a ring-shaped subset of R3, and define T 2 to be the set
of all points on its boundary, with the subspace topology then we get a torus.

To be precise, we can describe the torus T 2 as the set of points (x, y, z) in R3

which satisfy
x2 + y2 + z2 − 4

√
(x2 + y2) = −3.

Example 28 Now suppose we take a torus, but slice off one side. Put another,
matching, sliced torus next to it, so that the two sliced holes face each other.
Then if we bring these two sliced tori together until the holes touch, we will get
a tubular figure of eight. The resulting topological space is called a surface of
genus two, which is a fancy way of saying that it has two holes.
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Example 29 We can form a cylinder by taking all points (x, y, z) in R3 sat-
isfying

x2 + y2 = 1 and 0 ≤ z ≤ 1.

Example 30 Now if we cut the cylinder along the line x = −1, y = 0, and give
the resulting ribbon a half twist, then we can stick the ends back together and
get a Möbius band. This is famous for only having one side.

Cutting and pasting a subset of R3 in this way does not necessarily give
another subset of R3. However, in this case it does, and we can topologize the
Möbius band as the following subset of R3:

M = {(−(3+t sin θ) cos(2θ), (3+t sin θ) sin(2θ), t cos θ) : 0 ≤ θ ≤ π,−1 ≤ t ≤ 1}.

Example 31 The set of all invertible 3 × 3 real matrices forms a set called
GL(3,R) the general linear group. Using the 9 entries in such a matrix as
co-ordinates, we can think of GL(3,R) as a subset of R9, and use the subspace
topology to make GL(3,R) into a topological space.

Example 32 Within GL(3,R) there is the subset O(3) of orthogonal matrices,
i.e. those matrices P satisfying PT P = I. This subset can again be topologized
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using the subspace topolgy. The set O(3) is known as the orthogonal group.
This is the set of all angle-preserving linear transformations R3 → R3, i.e. all
rotations and reflections.

Example 33 Pursuing this line of thought further, if P is an orthogonal matrix,
then

det(P )2 = det(PT ) det(P ) = det(PT P ) = det(I) = 1

so det(P ) is either +1 or −1. The subset of 3 × 3 orthogonal matrices of
determinant +1 is important, and is called SO(3), the special orthogonal
group. This is the set of all orientation-preserving, angle-preserving linear
transformations of R3, i.e. rotations.

Example 34 A very interesting space is the set of all straight lines through
the origin in R3, which we write RP 2 for. This is called the real projective
plane. It is not a subset of R3, since the elements of RP 2 are not points in
R3 but subsets of R3. So we cannot use the subspace topology to make it into a
topological space.

Instead, we could topologize it as follows. If we take a subset of RP 2, i.e.
a collection of lines in R3, then we can take the union of these lines to get
a subset of R3. We could then define the subset of RP 2 to be open if the
corresponding subset of R3 is open, i.e. S ⊂ RP 2 is open if

⋃
l∈S l ⊂ R3 is

open. Unfortunately, this gives the indiscrete topology on RP 2, since the union
will contain 0, unless S is empty, but will not contain an open ball around 0,
unless S = RP 2.

To avoid this problem, we omit 0, and we say that a subset S ⊂ RP 2 is open
if the subset

⋃
l∈S(l− 0) of R3−{0} is open. The empty subset of RP 2 is then

open, because the corresponding subset of R3 − {0} is also the empty set. And
the wholse set RP 2 is open, because this corresponds to the whole set R3−{0}.

Unions and intersections of subsets of RP 2 correspond to unions and inter-
sections of subsets of R3 − {0} so, because the open sets in R3 − {0} form a
topology, these open sets in RP 2 also form a topology.

We can define RPn similarly, as the set of lines through the origin in Rn+1.

2.2 Continuity in the Subspace Topology

As we have seen, the topology determines which maps are continuous. So if the
subspace topology is to be useful, we had better check that it gives a sensible
notion of continuity. This is expressed by the following result.

Proposition 35 (Restriction Theorem) Let S and T be topological spaces
and f : S → T a continuous function. Suppose that Q ⊂ S is a subset whose
image, under f , is contained in a subset R ⊂ T , so that f can be restricted to
a function f |Q : Q→ R. If Q and R are given the subspace topologies then f |Q
is continuous.

S
f−→ T

∪ ∪
Q −→ R

f |Q
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Proof Let P ⊂ R be an open set in the subspace topology. Then f |−1
Q (P ) =

Q ∩ f−1(P ). As P is open in the subspace topology, there must be an open set
U ⊂ T such that P = R ∩ U , in which case

f−1(P ) = f−1(R ∩ U) = f−1(R) ∩ f−1(U),

so
f |−1

Q (P ) = Q ∩ f−1(R) ∩ f−1(U) = Q ∩ f−1(U)

since Q ⊂ f−1(R) (by assumption: the image of Q under f is contained in
R). Now, as f is continuous, and U is open, f−1(U) must also be open. So
f |−1

Q (P ) = Q∩f−1(U) is an open set in the subspace topology on Q. Hence the
preimage under f |Q of any open set in R is open, i.e. f |Q is continuous. •

In other words, if a function on, say S2, is just a restriction of a function
defined on R3, then the function on S2 will be continuous if the function on R3

is continuous.

Example 36 The inclusion map S2 ↪→ R3 is continuous, as it is simply a
restriction of the identity map (x, y, z) 7→ (x, y, z).

Example 37 The determinant function GL(3,R) → R − {0} is continuous.
For the formula for the determinant can be used to define a function R9 → R
which is continuous, being a composite of additions and multiplications, both
of which are continuous operations, by Examples 16, 17. Since GL(3,R) is a
subspace of R9, and R − {0} is a subspace of R, Proposition 35 shows that
det : GL(3,R)→ R− {0} is continuous.

2.3 Bases

Proving continuity directly can be quite difficult, which is why it is convenient to
use short-cuts such as showing that the function is a composite of two continuous
functions, or a restriction of a continuous function. An alternative approach is
to reduce the number of open sets that we need to look at.

Recall that the definition of open subset of Rn says that around every point
in the subset there is an open ball contained in the subset. So the subset is the
union of all these open balls. In other words, every open subset is a union of
open balls. We say that the open balls form a ‘basis’1 for the topology on Rn.

Definition: In a topological space T , a collection B of open subsets of T is
said to form a basis for the topology on T if every open subset of T can be
written as a union of sets in B.

Example 38 The collection of all finite open intervals (a, b) (where a, b ∈ R)
form a basis for the topology on R, since every open set contains an open interval
around each point in it and, hence, is the union of all these open intervals.

1Note that this use of the term ‘basis’ has no connection with the usage of the term ‘basis’
in linear algebra
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Example 39 If the set {1, 2, 3} is given the discrete topology, so that every
subset is open, then the sets {1}, {2}, {3} form a basis for this topology, as
every subset of {1, 2, 3} can be written as a union of some of these basic open
sets.

If we have a basis for the range space of a given function, then we need only
check the preimages of those basic open sets in order to verify continuity of the
function, thanks to the following result.

Proposition 40 If f : S → T is a function between two topological spaces S
and T , and T has a basis B, then f is continuous if f−1(B) is open for every
set B in the basis B.

Proof For f to be continuous we need to show that f−1(Q) is open for any
open set Q ⊂ T . Now, as B is a basis for the topology on T , we can write Q as
a union of some sets in B. Then the preimage f−1(Q) of Q is the union of the
preimages of these basic sets. Since the preimage of every set in B is open, so
f−1(Q) is a union of open sets, and hence open. Thus f is continuous. •

Example 41 Let f : R → R be the function f(x) = 2x + 3. A basis for
the topology on R is given by the collection of all open intervals (a, b). Since
f is an increasing function, f(x) ∈ (a, b) if, and only if, x ∈ (a−3

2 , b−3
2 ). So

f−1(a, b) = (a−3
2 , b−3

2 ) which is open. Hence f is continuous.

Example 42 Let f : R→ R be the function f(x) = x2. Again we use the basis
of open intervals (a, b); their preimages are as follows:

f−1(a, b) =

 (−
√

b,−
√

a) ∪ (
√

a,
√

b) if 0 ≤ a < b

(−
√

b,
√

b) if a < 0 < b
∅ if b ≤ 0

In each of these cases, the preimage is open, hence f is continuous.

Example 43 Let e : R→ S1 be the function e(x) = (cos(2πx), sin(2πx)). This
coils each interval [n, n + 1], where n is an integer, anti-clockwise around the
circle

e( 1
8 ) = e( 9

8 ) = · · ·

· · · = e(− 1
2 ) = e( 1

2 ) e(0) = e(1) = · · ·

As S1 is a subspace of R2, we can obtain a basis for S1 from the basis for
R2 of open balls. Every open set in S1 is the intersection of S1 with an open
set in R2, and hence every open set in S1 is a union of intersections of S1 with
open balls in R2.
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Most such intersections will be empty and some while give the whole of S1.
The preimage of such intersections will either be empty, or the whole of R and
hence, in either case, open.

All other intersections will have the form of open arcs, such as S1 ∩B1(1, 1)
which was depicted in Example 22. The preimage of this arc is an infinite union

· · · (−2,
−7
4

) ∪ (−1,
−3
4

) ∪ (0,
1
4
) ∪ (1,

5
4
) ∪ · · ·

of open intervals, hence it is an open subset of R.
Similarly, the preimage of any open arc will be a union of open intervals,

one for each integer, so all such preimages will be open. Hence e is continuous.
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3 Topological Properties

3.1 Connectivity

A typical example of the type of statement about continuous maps that topol-
ogists try to prove is the following.

Theorem 44 There is no continuous surjective map R→ S0.

Proof Suppose that f : R→ S0 is such a map. Since S0 is discrete, the subsets
{−1} and {+1} are open and, if f is continuous, then the subsets U = f−1{−1}
and V = f−1{+1} of R are open. Since {−1} and {+1} constitute, between
them, the whole of S1, so U∪V must be the whole of R. As f is surjective, both
U and V contain at least one point each; they are non-empty. And, because
{−1} and {+1} are disjoint, so U ∩ V = ∅. We will see that there can be no
such open subsets of R.

To do this, let x be any point in U and let y be any point in V . By swapping
U and V is necessary, we can assume that x < y. Thus we have an interval
[x, y] with one end-point in U and one in V . The mid-point x+y

2 is either in U

or in V . If it is in V , then the interval [x, x+y
2 ] has one end-point in U and one

end-point in V . On the other hand, if x+y
2 is in U , then the interval [x+y

2 , y]
has one end-point in U and one end-point in V . Either way, we can produce a
closed interval of length y−x

2 , with one end-point from each of the sets U and
V . Similarly, we can cut this interval in half and, depending on whether the
mid-point lies in U or in V , we can find an interval of length y−x

4 with one
end-point from each set. Carrying on, we can produce intervals of decreasing
length with one end in either set. The intersection of all of these intervals will
be a single point z of R. If this point lies in U , then there will be an open
interval (z − δz, z + δz) contained in U for some δz > 0. Then any interval of
length < δz containing z will be contained in (z− δz, z + δz) and hence in U . In
particular, any interval of length y−x

2n will be contained in U if n is large enough
(n must be greater than log2(

y−x
δz

)). But we know there is such an interval with
one end-point in U and one in V . One of these end-points then lies both in U
and V which cannot happen since U ∩V = ∅. Hence z cannot lie in U . Exactly
the same argument can be applied if z lies in V , so we have a contradiction.

The only answer must be that the points x and y cannot have existed, i.e.
either U is empty or V is empty. •

This proof relies on the fact that two open subsets of R cannot be disjoint,
cover the whole of R and both be non-empty. A space, like R, with this property
is said to be ‘connected’:
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Definition: We say that a topological space T is disconnected if it is
possible to find two open subsets U, V of T such that:

• U and V have no intersection, i.e. U ∩ V = ∅

• U and V cover T , i.e. U ∪ V = T

• Neither U nor V are empty, i.e. U 6= ∅ and V 6= ∅.

If there are no such subsets within T , then T is connected.

The first part of the proof of Theorem 44 then tells us the following.

Lemma 45 If T is connected, then there is no continuous surjection T → S0.

Example 46 The space R is connected. The proof of this is the second part of
the proof of Theorem 44.

Example 47 The open interval (0, 1) is connected. This can be proved in ex-
actly the same way as for R. Hence there are no continuous surjective maps
(0, 1)→ S0.

Example 48 Similarly, a closed interval such as [0, 1] is connected, as can be
seen using the same proof again.

Combining this with Lemma 45 and a little trick yields the Fixed-Point
Theorem.

Theorem 49 If f : [0, 1]→ [0, 1] is a continuous map, then f has a fixed point,
i.e. there is some x ∈ [0, 1] such that f(x) = x.

Proof Suppose that f : [0, 1]→ [0, 1] is continuous but has no fixed points. We
can define a map g : [0, 1]→ R by

g(x) =
x− f(x)
|x− f(x)|

for x ∈ [0, 1]. This is continuous as it is a composite of additions, divisions,
and the continuous function f . The value of g(x) is either +1 or −1, so we can
restrict g to a map [0, 1]→ S0 which is continuous by Proposition 35.

Now f(0) ∈ [0, 1] and f(0) 6= 0, so f(0) > 0, i.e. g(0) = −1. Similarly,
f(1) < 1 so g(1) = +1. Thus g restricts to a surjective continuous map [0, 1]→
S0. By Example 48, [0, 1] is connected, and so no such map can exist. •

Another consequence of Lemma 45 is the following proof of the Intermediate
Value Theorem:

Theorem 50 (Intermediate Value Theorem) If f : [a, b]→ R is a contin-
uous function and f(a) < 0 and f(b) > 0, then there is some value x ∈ [a, b]
such that f(x) = 0.
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Proof Suppose that there is no such x, i.e. f(x) 6= 0 for all x ∈ [a, b]. Then we
can define a new map f̄ : [a, b]→ S0 by f̄(x) = f(x)/|f(x)|. This is continuous
as f is, and surjective since f(a) < 0 so f̄(a) = −1, and f(b) > 0 so f̄(b) = +1.

The interval [a, b] is connected (the argument of Example 48 can easily be
adapted to show this) so, by Lemma 45, there can be no such continuous map.
Hence our assumption that f(x) 6= 0 for all x ∈ [a, b] must have been incorrect,
i.e. there must be some x for which f(x) = 0. •

Lemma 45 also has a converse.

Lemma 51 If T is disconnected, then there is a continuous surjection T → S0.

Proof If T is disconnected, then there are open subsets U, V ⊂ T with U∩V = ∅,
U ∪ V = T . We define f : T → S0 as follows. As U and V are disjoint, we can
define f(x) = 1 for x ∈ U and f(x) = −1 for x ∈ V . Since U ∪ V = T , this
defines f completely, and f is clearly surjective. The preimage of {1} ⊂ S0 is
U and the preimage of {−1} ⊂ S0 is V , so both of these are open, hence f is
continuous. •

This implies the following

Proposition 52 If S is a connected space and T is a disconnected space, then
there can be no surjective continuous map S → T .

Proof If T is disconnected, then there is a continuous surjection T → S0. If
there is also a continuous surjection S → T then we can combine these to get a
continuous surjection S → S0 which cannot happen if S is connected. •

This result can be used both to prove that spaces are continuous and to
prove that they are not. For example:

Corollary 53 The circle S1 is connected, because R is connected and the map
e : R→ S1 of Example 43 is surjective and continuous.

Corollary 54 The space GL(3,R) is disconnected.

Proof Define a function d : GL(3,R) → S0 by d(M) = det(M)/|det(M)|.
Since det is a continuous function, d is continuous. Moreover, d is surjective,
since

d

 x 0 0
0 1 0
0 0 1

 = x/|x| =
{

1 if x > 0
−1 if x < 0.

•

Similarly, the space O(3) is disconnected. The space SO(3), however, is
connected. This is easy to see intuitively, because we no longer have components
of positive and negative determinant. It is harder to prove rigorously, and we
will leave this until later.

We can also develop the ideas of Theorem 44 in the following way.
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Lemma 55 If S is a connected space and T is a discrete space, then any con-
tinuous map f : S → T is constant.

Proof Let u be a point in the image of f . The set {u} is open as T is discrete.
And T − {u}, the set of all points in T other than u, will also be open. Hence
f−1({u}) and f−1(T − {u}) will both be open. Moreover, they will be disjoint,
since u and T − {u} are disjoint. And they will cover S as {u} ∪ T − {u} = T .
Since S is connected, either f−1({u}) or f−1(T − {u}) will be empty. The
preimage f−1({u}) cannot be empty as it contains u. Hence it must be the case
that f−1(T − {u}) is empty, and f−1{u} = S. This says that the image of f is
just {u}, i.e. f is constant. •

Since R is connected, this implies the following familiar result

Corollary 56 Every continuous map from R to Z is constant.

3.2 Compactness

Another example of a topological fact is that there is no continuous surjection
[0, 1] → R. In fact a stronger statement is true, namely that every continuous
function [0, 1]→ R is ‘bounded’:

Proposition 57 If f : [0, 1] → R is a continuous function then f is bounded,
i.e. there are numbers j, k such that Im f ⊂ (j, k). In other words,

j < f(x) < k for all x ∈ [0, 1].

Partial Proof To prove this, suppose that f : [0, 1]→ R is a continuous func-
tion. Consider the overlapping open intervals . . . (−2, 0), (−1, 1), (0, 2), (1, 3), . . .
in R. These form an open cover of R, meaning that every point in R is con-
tained in at least one of these open intervals.

Since f is continuous, the preimage of each interval (i, i+2) is an open subset
of [0, 1]. Every point in [0, 1] must get mapped by f into one of these intervals
(i, i + 2) and so must belong to one of the preimages f−1(i, i + 2). Hence these
preimages f−1(i, i + 2) (taken over all integers i) form an open cover of [0, 1].

If f is bounded, then its image is contained in a finite union of these intervals:
if j < f(x) < k for all x, then

Im f ⊂ (j, j + 2) ∪ (j + 1, j + 3) ∪ . . . ∪ (k − 2, k).

Putting this another way, the preimages

f−1(j, j + 2), f−1(j + 1, j + 3), . . . , f−1(k − 2, k)

must cover [0, 1]. So, if f is bounded, then, of our original open cover consisting
of all the preimages f−1(i, i + 2), we can discard all but finitely many and still
have a cover of [0, 1].

22



The converse is also true. If there is a finite number of preimages f−1(i1, i1+
2), . . . , f−1(in, in + 2) which cover [0, 1], then the image of f is contained in
the union

(i1, i1 + 2) ∪ (i2, i2 + 2) ∪ . . . ∪ (in, in + 2).

Hence Im f ⊂ (j, k) where j = min(i1, . . . , in), k = max(i1 + 2, . . . , in + 2).
So if we can prove that any open cover of [0, 1], such as {f−1(i, i+2), i ∈ Z}

can be ‘refined’ to a finite open cover, then we will be able to deduce that any
continuous function f : [0, 1]→ R is bounded. •

To complete this proof, then, we need to know that given a certain covering
of [0, 1] by an infinite number of open sets, it is possible to throw away all but
a finite number of these open sets and still cover [0, 1]. In other words, we need
to know that the infinite open covering of [0, 1] has a ‘finite refinement’.

The open covering of [0, 1] that occurred in the proof was formed by preim-
ages f−1(i, i + 2), where i is any integer. These preimages change if we change
f , and they can vary greatly. So we need to know that every open cover of [0, 1]
has a finite refinement. This property is called ‘compactness’.

Definition: An open covering of a topological space T is a collection of
open subsets of T such that every point in T lies in at least one of these
open subsets.
A topological space T is said to be compact if every open covering of T
admits a finite refinement. In other words, given any infinite collection of
open sets, which covers T , it is possible to throw most of these sets away,
keeping only a finite number of them, and still have an open covering of T .

To complete the proof, then, we need to show that the interval [0, 1] is
compact.

Proposition 58 The closed interval [0, 1] is compact.

Proof To prove that [0, 1] is compact, suppose that we have an open cover of
[0, 1]. We will show that this open cover has a finite refinement by contradiction,
so let us assume that there is no finite refinement of this cover. Now consider
the intervals [0, 1

2 ] and [ 12 , 1]. Intersecting the original open cover with each of
these intervals gives an open cover for each interval. If they both admit a finite
refinement, then we can combine these to get a finite refinement of the original
open cover. We have assumed that this is not the case, so one of the intervals
must not have a finite refinement. Let I1 be this interval.

Now we divide I1 in two halves. The same argument shows that one of
these two halves must not have a finite refinement; let I2 be that half. We then
divide I2 in half and so on. Carrying on in this way, we obtain a nested series
of intervals:

[0, 1] ⊃ I1 ⊃ I2 ⊃ · · ·
of decreasing length: In has length 1/2n, and none of these intervals admit a
finite refinement of the open cover. The intersection of all of these intervals will
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be a single point c ∈ [0, 1]. This must be contained in one of the sets in the
open cover. Since this set is open, it must also contain some breathing space
(c− δc, c + δc) where δc > 0. But this will contain any interval around c if the
length of the interval is less than δc. In particular (c − δc, c + δc) will contain
In if n > log2(

1
δc

). So, for n large enough, the interval In will be contained in
(c − δc, c + δc) which, we noted, was contained in one of the open sets in the
cover. However, this contradicts our assumption that none of the intervals In

admitted a finite refinement. Hence that assumption must have been wrong,
in which case that original interval [0, 1] must admit a finite refinement of the
cover. Thus a closed interval [0, 1] is compact. •

So [0, 1] is compact, and the proof of Proposition 57 is complete. Now,
notice that the proof of Proposition 57 didn’t use any information about [0, 1]
apart from the fact that it was compact. So the same proof can be used for the
following.

Proposition 59 If T is a compact topological space and f : T → R is a con-
tinuous function, then f is bounded.

In other words, all spaces which are compact have this property about con-
tinuous functions to R. If we can show that any given space is compact, we will
be able to deduce this property about real valued functions on that space.

Lemma 60 The circle S1 is compact.

Proof We will prove this by relating S1 to the interval [0, 1] which we know is
compact. Let f : [0, 1]→ S1 be the map f(t) = (cos(2πt), sin(2πt)) of Example
43.

Now, let U be any open cover of S1, so U is a collection of open subsets of
S1. For each subset Q ∈ U , we have an open subset f−1(Q) of [0, 1], as f is
continuous. The collection of all of these open subsets f−1(Q) for Q ∈ U is an
open cover of [0, 1], and so has a finite refinement. Let V be a finite collection
of open subsets Q taken from U such that ∪Q∈Vf−1(Q) covers [0, 1]. Then V is
a finite refinement of U for the circle S1. For if x ∈ S1, then x is in the image of
f , as f is surjective. Hence there is some y ∈ [0, 1] such that f(y) = x. As [0, 1]
is covered by ∪Q∈Vf−1(Q), there must be some Q ∈ V such that y ∈ f−1(Q).
If y ∈ f−1(Q) then f(y) ∈ Q, so x ∈ Q. Hence, for each point x in S1, there is
some subset in V which contains x. Thus V is a finite refinement of U , and S1

is compact. •

Having proved that, we get the following corollary for nothing.

Corollary 61 Any continuous map from S1 to R is bounded.

Note also that the proof of Proposition 58 can be adapted very easily to
show

Proposition 62 Any closed interval [a, b] ⊂ R is compact.

Of course, many spaces are not compact.
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Example 63 The space R cannot be compact because not all continuous func-
tions from R to R are bounded (for example, the identity function f(x) = x is
not bounded on R).

One open cover of R that does not have a finite refinement is the following.
Let Un = (−n, n) for each positive integer n. Every real number belongs to one
of these open intervals, so they form an open cover of R. However, if we take a
finite number of these intervals, say Ui1 , Ui2 , . . . , Uik

, then these will not cover
R. For their union will simply equal (−i, i) = Ui where i = max(i1, . . . , ik).
There are many real numbers which are not contained in Ui, so any such finite
refinement will fail to be an open cover of R. Hence the original, infinite open
cover cannot be refined finitely to give an open cover.

Example 64 One can show that the open interval (0, 1) is not compact in a
similar way, defining open sets Un for all integers n > 1 by

U2 = (
1
2
, 1), U3 = (

1
3
, 1), . . . , Un = (

1
n

, 1), . . . .

These cover (0, 1), because if any real number x is between 0 and 1 then it is
also between 1/n and 1 for some sufficiently large integer n. But if we take any
finite refinement, say Ui1 , . . . , Uik

then this will not cover (0, 1). For, the union
of such a finite collection will again be Ui where i is the maximum of i1, . . . , ik.
And Ui omits some points from (0, 1), such as 1/i. Hence no finite refinement
of this cover is itself a cover of (0, 1) and so (0, 1) is not compact.

The proof of Lemma 60 can be very easily generalized to prove the following
result.

Proposition 65 If f : S → T is a continuous map and S is compact, then the
image of f is compact.

That is to say, the image of a compact space under a continuous map is
compact. This leads immediately to the following fact.

Corollary 66 There is no continuous surjective map [0, 1]→ (0, 1).

Finally, for subspaces of Rn, there is a complete classification of compact
spaces, in terms of whether or not the subspace is closed when considered as a
subset of Rn, and whether or not it is ‘bounded’. We say that a subset S of
Rn is bounded if there is some real numbers d such that S is contained in the
open ball Bd(0) of radius d around the origin.

Theorem 67 (Heine-Borel Theorem) If T is a subspace of Rn, then T is
compact if, and only if, T is closed and bounded.

Proof We will only prove this in the case where n = 1, as the general case is
very similar, but the details tend to obscure the ideas.

First suppose that T is any closed, bounded subset of R, and we will prove
that T must be compact. The fact that T is bounded means that T is contained
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in some open interval (−d, d) for some real number d > 0. In particular, T is
contained within the closed interval [−d, d]. If T is closed, then its complement
R−T is open. If we have an open cover of T then, by definition of the subspace
topology, each open set is the intersection of T with an open subset of R. Taking
all these open subsets of R together with the open set R−T must give an open
cover of R. Intersecting all these open subsets of R (including R − T ) with
[−d, d] will then give an open cover of [−d, d].

We have already proven that any closed interval of R is compact, so any open
cover of [−d, d] admits a finite refinement. So we can discard all but finitely
many of the open subsets of R and still have a cover of [−d, d] when we intersect
with this interval. If this finite list of open subsets covers [−d, d], then it will
certainly cover T . By intersecting these open subsets of R with T we will have
a finite refinement of the original cover of T , since the only extra set we added
was R−T , and this will vanish when we intersect with T , since R−T ∩T = ∅.
Hence T is compact.

Now we will prove the opposite result. We will show that if T is not closed,
or if it is not bounded, then it cannot be compact.

Suppose, then, that T is not a closed set of R. So the complement of T is
not open, and therefore has some point x 6∈ T such that no neighbourhood of x
is contained in the complement of T . In other words, every interval (x−δ, x+δ),
with δ > 0, contains an element of T .

Let In be the intersection of T with the complement of the interval [x −
1
n , x + 1

n ]. So y ∈ In if y ∈ T and either y < x− 1
n or y > x + 1

n .
If now y is any element of T , then y 6= x so |y − x| > 0. In particular, we

can find an integer n such that |y − x| > 1/n. Thus y 6∈ [x − 1
n , x + 1

n ]. Since
y ∈ T , we see that y ∈ In. Hence the union of the In’s contains every element
of T . So this is an open cover of T .

Now I1 ⊂ I2 ⊂ I3 ⊂ · · · and so any finite union of In’s will be equal to Im,
where m is the largest index involved. And Im does not contain [x− 1

m , x+ 1
m ].

But every interval (x− 1
m , x+ 1

m ) contains a point of T . Hence Im cannot cover
T , and so there can be no finite refinement of the In’s which covers T . Thus T
is not compact.

Finally, suppose that T is not bounded. Then let In = (−n, n) for each
integer n > 0. Every real number x is contained in In for some n. So the In’s
cover R and, consequently, T .

If we take a finite number of these In’s, then their union will be equal to Im

for some m. If T is not bounded, then for each real number k, there is some
x ∈ T such that either x > k or x < −k. In particular, for every integer n > 0,
there is some x ∈ T such that x 6∈ In. Hence Im cannot cover T , so T is not
compact. •

3.3 Hausdorff spaces

The last property that we will meet for now is the ‘Hausdorff’ property.
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Definition: We say that a topological space T is Hausdorff if, for any two
distinct points x, y in T , there are open subsets U, V of T such that x ∈ U
and y ∈ V and U ∩ V = ∅.

In other words, around any two distinct points, we can find two non-overlapping
open sets. The traditional way of saying this is that any two distinct points can
be ‘housed off’ from each other.

•
•

Example 68 The interval [0, 1] is Hausdorff. To prove this, let x, y ∈ [0, 1]
be two distinct points. Then |y − x| > 0, and we can set δ = |y − x|/2. Let
U = (x−δ, x+δ)∩ [0, 1] and V = (y−δ, y+δ)∩ [0, 1]. As these are intersections
of [0, 1] with open sets, they are both open. And x ∈ U , y ∈ V and U ∩ V = ∅,
by the way we chose δ.

Example 69 Similarly, Rn is Hausdorff, for any n.

If a space is Hausdorff then we have the following information about self-
maps of the space:

Proposition 70 If T is a Hausdorff space and f : T → T is a continuous map,
then the fixed point set

Fix(f) = {x ∈ T : f(x) = x}

is a closed subset of T .

Proof To prove that a subset is closed we must prove that its complement is
open. So let y be a point in the complement of Fix(f). Then as y is not a fixed
point of f , we see that f(y) 6= y. Thus we have two distinct points y, f(y) of T ,
so we can find open sets U, V , with y ∈ U , f(y) ∈ V and U ∩ V = ∅. Since f is
continuous, f−1(V ) is open, and so U ∩f−1(V ) will be an open set containing y.
Moreover, U ∩f−1(V ) is disjoint from Fix(f). For suppose that x ∈ U ∩f−1(V )
and f(x) = x. If x ∈ U ∩ f−1(V ) then x ∈ f−1(V ) and so f(x) ∈ V . But also
x ∈ U and if f(x) = x then f(x) ∈ U . So we have f(x) ∈ U ∩V , whereas U ∩V
is empty. So U ∩ f−1(V ) is disjoint from Fix(f) as I claimed.

Hence, around every point y in the complement of Fix(f), we can find an
open set containing y and contained in the complement of Fix(f). The union of
all these open sets (one for each point in the complement) will still be open, will
be contained in the complement of Fix(f) and will also cover that complement.
Hence the complement is open and Fix(f) is closed. •

Corollary 71 If f : [0, 1] → [0, 1] is a continuous map then the fixed point set
for f is a closed subset of [0, 1]
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The following result tells us that most spaces that we meet will be Hausdorff:

Proposition 72 If f : S → T is continuous and injective and T is Hausdorff,
then S is Hausdorff.

Proof Let x, y ∈ S be two distinct points. As f is injective, f(x) and f(y) in T
will be distinct. Therefore there are open subsets U, V ⊂ T such that f(x) ∈ U ,
f(y) ∈ V and U ∩ V = ∅. Since f is continuous, the preimages f−1(U) and
f−1(V ) will be open subsets of S. Moreover, x ∈ f−1(U) and y ∈ f−1(V ).
Finally, f−1(U) ∩ f−1(V ) = f−1(U ∩ V ) = f−1(∅) = ∅. •

So any subspace of a Hausdorff space is automatically Hausdorff. In partic-
ular, all subspaces of Rn are Hausdorff, so almost every space that we have met
so far is Hausdorff.

It is harder to think of examples of non-Hausdorff spaces. A simple example
can be obtained using the indiscrete topology.

Example 73 The set {1, 2}, with the indiscrete topology, is not Hausdorff. For
if we take x = 1 and y = 2, then the only open set containing x is the whole set,
which also contains y. Thus it is not possible to find two non-overlapping open
sets each containing only one of the points.

A subtler example is the following.

Example 74 Let L be the real line together with an extra point which we’ll
call 0′, and think of as an extra 0. We make this into a topological space in
the following way. For every subset of R that does not contain 0, there is a
corresponding subset of L, and we define this subset of L to be open if the
corresponding subset of R is open. For each subset of R that contains 0, there
are three corresponding subsets of L: one which contains 0, one which contains
0′, and one which contains both. We define all three to be open if the original
subset of R is open. The open sets on L that this gives do actually form a
topology, i.e. they satisfy the axioms T1-T4, as you can check.

This construction gives a curious space called the real line with a double
point at 0:

••

Most points in L can be ‘housed-off’. However, if we take the points 0 and 0′

then we cannot do this. For any open subset of L containing 0 or 0′ corresponds
to an open subset of R containing 0. Any two such open subsets of R will
overlap, and their intersection will contain an interval (−δ, δ). Hence, if we
take an open subset of L containing 0 and one containing 0′, then they will
overlap. So L is not Hausdorff.
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4 Deconstructionist Topology

Typically topologists are presented with a space (or rather, with some descrip-
tion of a space) and asked what they can say about it. The obvious, but slow,
approach would be to go through their list of topological properties and see
which ones hold and which ones don’t. But there are many shortcuts.

The most useful trick is that sometimes by a clever piece of insight, a topol-
ogist will recognize that an apparently unfamiliar space is actually identical to a
familiar space. If this is the case, then any properties of that more familiar space
automatically hold for the unfamiliar one. So for this we need to know what
‘identical’ means for topological spaces. This is the concept of ‘homeomorphism’
that we will meet in the first section.

It is often the case, however, that the new space is more complicated than
the ones we know about. Nevertheless, it is often possible to build the new space
out of familiar spaces. There are many different ways of building new spaces
out of old ones. Obviously, the more ways we know, the greater the chances of
being able to construct the particular space we wish to study. So later we will
look at a number of different ‘topological constructions’. Keep an eye on which
properties are preserved by these constructions, and how other properties are
changed, as we want to use these constructions to deduce information about the
new space from information about its constituent pieces.

Some spaces that we meet turn out not to be identical to familiar ones but to
be at least quite similar to them. In other cases, it may be possible to construct
a space identical to the one we are interested in via complicated process, but
also possible to build a similar (though not identical) space with a much less
complicated process. The most useful notion of ‘similarity’ is that of ‘homotopy
equivalence’ which we will study in the last few sections of this chapter. Many of
the properties that we are interested in are shared by spaces which are homotopy
equivalent, but others are not, so we need to be careful about that.

4.1 Homeomorphisms

For two topological spaces to be identical, they should have the same points,
and the same topology. The easiest way to say this rigorously is as follows.

Definition: If S and T are two topological spaces, and f : S → T and
g : T → S are continuous functions such that

(f ◦ g)(y) = y for all y ∈ T

and
(g ◦ f)(x) = x for all x ∈ S

then S and T are said to be homeomorphic and the maps f and g are
homeomorphisms. The maps f and g are inverse to each other, so we may
write f−1 in place of g and g−1 in place of f . If S and T are homeomorphic
then we write S ∼= T .
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Example 75 If S and T are actually the same topological space, for example
S = T = R, then certainly S and T are homeomorphic, for we can take the
functions f and g to be the identity maps f(x) = x and g(x) = x. These are
clearly inverse to each other, and they are both continuous as, for example the
preimage f−1(U), of an open subset U ⊂ T , is just U itself and so open.

Example 76 Any two open intervals of the real line are homeomorphic. For
example, if S = (−1, 1) and T = (0, 5), then define f : S → T and g : T → S by

f(x) =
5
2
(x + 1), g(x) =

2
5
x− 1.

These are both continuous, being composites of addition and multiplication. And
f and g are clearly inverse to each other, so they are homeomorphisms. Hence,
by the Proposition, (−1, 1) and (0, 5) are homeomorphic.

Example 77 If S = R and T is the open interval (−1, 1) then S and T are
homeomorphic. For we can define a map f : (−1, 1)→ R by

f(x) = tan(
πx

2
).

This is a bijection and has an inverse g : R→ (−1, 1) given by

g(x) =
2
π

arctan(x).

-

6 . . .

. . . −1

1

Graph of the function g : R→ (−1, 1) given by g(x) = 2
π arctan(x).

From the graphs it is easy to see that f−1(a, b) = (g(a), g(b)) and g−1(c, d) =
(f(c), f(d)). In each case, we see that the preimage of an open interval is open,
showing that both f and g are continuous. Thus, since they are inverse to each
other, they are homeomorphisms. Consequently, (−1, 1) ∼= R.

Lemma 78 If f : S → T is a homeomorphism and g : T → U is another
homeomorphism, then (g ◦ f) : S → U is also a homeomorphism. Hence if a
space T is homeomorphic to S and to U , then S and U must be homeomorphic.

Proof For (g ◦ f) to be a homeomorphism it must be continuous and have
a continuous inverse. Since it is the composite of two continuous maps, it is
automatically continuous.

If f and g are homeomorphisms then they have continuous inverse maps
f−1 : T → S and g−1 : U → T and we can use these to construct a continuous
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inverse for (g ◦ f), namely f−1 ◦ g−1. This is again continuous, as it is the
composite of two continuous maps. And it is an inverse for (g ◦ f) because, if
x ∈ S we have

(f−1 ◦ g−1) ◦ (g ◦ f)(x) = f−1(g−1(g(f(x)) = f−1(f(x)) = x

and similarly (g ◦ f)(f−1 ◦ g−1)(y) = y for y ∈ U . •

Corollary 79 Any open interval of the real line is homeomorphic with R itself.

Proof We have seen that R ∼= (−1, 1) and that any two open intervals are
homeomorphic. In particular, any open interval is homeomorphic with (−1, 1).
Hence, by the lemma, any open interval is homeomorphic with R. •

Example 80 The real projective line RP 1 is homeomorphic with the circle S1.
There is one obvious map S1 → RP 1: take any point on the circle, and

assign to it the line through the origin which passes through that point. Unfor-
tunately, this is not injective: two points in S1 which are opposite will give the
same line. E.g. (1, 0) and (−1, 0) give the same line.

As we trace around the circle anti-clockwise, from (1, 0) (3 o’clock), we get
a different line for each point, until we hit (−1, 0), whereupon we come back to
the line we started with. From then on, we trace through the same collection
of lines again. So to produce an injective map from this, clearly we want to
stop half-way round the circle. We can achieve this by thinking of points on
the circle as complex numbers, and mapping z to the line through ±

√
z. These

square roots differ by a sign, so give the same line in RP 1. The inverse map is
then built from squaring complex numbers, so both are continuous. Thus we get
a homeomorphism RP 1 ∼= S1.

�
�
�
�
�
�
�
�

S
S

•
l

f(l)

θl

θl

Example 81 If we remove the North pole from S1 then the remaining space
is homeomorphic with R. Similarly, if we remove the North pole from S2,
the remaining space is homeomorphic with R2. In either case the we use the
technique of stereographic projection. We will illustrate this for S1, leaving
S2 as an exercise.

The idea is to draw a copy of R below the circle S1. Then, take straight
lines radiating out from the North pole. These will cross S1 once and then R,
indicating where a point in S1 is mapped to in R.
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This construction is also often used when we remove more than just a single
point from S1 or S2.

If we take the region of S2 to the South of the equator (or any fixed latitude),
then this is homeomorphic to a disc (closed or open according to whether or
not we include the equator) under stereographic projection. So, for example, the
Southern hemisphere, including the equator, is homeomorphic to a closed disc in
R2. The part of S2 South of (and excluding) the Arctic circle is homeomorphic
to an open disc.

If we give R an extra point, called ∞, then we can extend the homeomor-
phism S1−{(0, 1)} ↔ R to a bijection R∪{∞} ↔ S1. We can then put a topol-
ogy R∪{∞} in such a way as to make the extended map a homeomorphism. For
example, an open neighbourhood of∞ would be a union (−∞,−a)∪(a,∞)∪{∞}.

Similarly, we can construct a homeomorphism between S2 and R2∪{∞} (or
C ∪ {∞}) with a suitable topology. This model of S2 is called the Riemann
sphere.

Example 82 A solid square is homeomorphic to a solid disc. We will illustrate
this with the square

Q = {(x, y) ∈ R2 : −1 ≤ x ≤ 1,−1 ≤ y ≤ 1}

and disc
D = {(x, y) ∈ R2 : x2 + y2 ≤ 1}.

Define f : D → Q by

f(x, y) =

√
x2 + y2

max(|x|, |y|)
(x, y)

if (x, y) 6= (0, 0) and f(0, 0) = (0, 0). Its inverse g : Q→ D is given by

g(x, y) =
max(|x|, |y|)√

x2 + y2
(x, y)

if (x, y) 6= (0, 0); g(0, 0) = (0, 0).
The idea of these maps is that f pushes the disc out radially to form a square,

and g contracts the square radially to form a disc. Using this idea you can see
that the preimage of an open subset of Q under f will be open in D and similarly
for g. So they are continuous maps.
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Example 83 Similarly, a cube is homeomorphic to a solid ball.

There are many homeomorphisms like this which are easy to see you when
you get the hang of things. The most celebrated is the following.

Example 84 A doughnut (doughring) is homeomorphic to a teacup.

But let’s not get carried away here. There are, of course, several pairs of
spaces which are not homeomorphic.

Example 85 The closed interval [0, 1] is not homeomorphic with the open in-
terval (0, 1). This is because Corollary 66 says that there can be no surjective
continuous function [0, 1]→ (0, 1).

This also shows that [0, 1] is not homeomorphic with R, since R ∼= (0, 1).

In fact, any two spaces which are homeomorphic will have the same topo-
logical properties. So any spaces which do not share a property cannot be
homeomorphic.

Example 86 The real line is not homeomorphic with the two-point space S0 =
{−1,+1}. For R is connected and S0 is not. If there were a homeomorphism
f : R → S0 then the preimages f−1({−1}) and f−1({+1}) would be open,
disjoint and would cover R, which is only possible if R is disconnected. Since
it is not, there can be no such homeomorphism.

This line of argument can be developed to handle some spaces that do share
some topological property.

Example 87 The circle S1 is not homeomorphic to the interval [0, 1). None
of the topological properties that we have met will distinguish these two spaces:
they are both compact, connected and Hausdorff. So we need a subtler argument.
The idea is that if we remove the point 1/2 from [0, 1) then we end up with a
disconnected space, whereas if we remove any point from S1 then we still have a
connected space. If they were homeomorphic before removing a point from each,
then they will be homeomorphic afterwards, but connectivity tells us that this
cannot be so.

Assume, then, that f : S1 → [0, 1) is a homeomorphism, with g : [0, 1)→ S1

its inverse.
Let P = [0, 1

2 ) ∪ ( 1
2 , 1) and let T = S1 − g(1/2), so the image of P under

g is T and the image of T under f is P . Therefore, if P and T have the
subspace topologies, the maps f and g restrict to continuous bijections P ←→ T .
However, P is disconnected: set U = [0, 1

2 ) and V = (1
2 , 1). But T is connected

as it is homeomorphic to (0, 1). Therefore P and T cannot be homeomorphic,
so S1 and [0, 1) cannot have been homeomorphic in the first place.
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You can see that it is much easier to show that two spaces are not homeomor-
phic if there is some simple property (such as connectedness or compactness)
which is not shared by both spaces. This is one reason for studying as many
such properties as possible.

There is one subtlety about homeomorphisms that I must warn you about.
We agreed that a map f : S → T is a homeomorphism if it is continuous and has
a continuous inverse g : T → S. This, of course, implies that f is a bijection.
But

A continuous bijection is not always a homeomorphism.

Example 88 Let S = {1, 2} with the discrete topology and let T = {1, 2} with
the indiscrete topology. Let f : S → T be the identity function, then f is
bijective, and continuous since any function from a discrete space is continuous.
However, the inverse map g : T → S is not continuous. For {1} is open in the
discrete space S, but g−1{1} = {1} is not open in T .

A more complicated, but more interesting example is the following.

Example 89 Let f : [0, 1)→ S1 be the restriction of the map e of Example 43,
so

f(t) = (cos(2πt), sin(2πt)).

As e is continuous, so is f , and it is clear that f is a bijection. But f can-
not be a homeomorphism because we have just seen that [0, 1) and S1 are not
homeomorphic. The problem is that f−1 is not continuous.

Since f is bijective, there is no choice in the definition of its inverse map:
f−1 must send (cos(2πt), sin(2πt)) to t ∈ [0, 1). However, the half-open interval
[0, 1

2 ) is an open subset of [0, 1) in the subspace topology, and its preimage under
this inverse map f−1 will be the half-open interval of all points between 9 o’clock
and 3 o’clock, including 3 o’clock but excluding 9 o’clock. This preimage is not
an open subset of S1, as it has no breathing space around 3 o’clock.

Having said that, we can use the properties of compactness and Hausdorff-
ness to avoid such behaviour.

Theorem 90 If X is a compact space, Y is a Hausdorff space and f : X → Y
is a continuous function which is bijective, then there is a continuous inverse
function g : Y → X with gf = 1X and fg = 1Y . Hence f is a homeomorphism.

We will prove this using three lemmas.

Lemma 91 If X is compact and U ⊂ X is a closed subspace, then U is compact.

Proof As U is closed, its complement X−U is open. Therefore any open cover
of U can be made into an open cover of X by including the open set X −U . As
X is compact, this cover of X may be finitely refined and, by omitting X − U ,
we will obtain a refinement of the open cover of U . •
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Lemma 92 If Y is Hausdorff and V ⊂ Y is compact, then V is closed.

Proof Let u be any point in the complement Y − V . For each point v ∈ V ,
we have v 6= u, so there are disjoint open sets Uu,v containing u and Xu,v

containing v. Since Xu,v contains v, we can obtain an open cover of V by
taking {V ∩ Xu,v : v ∈ V }. As V is compact, this cover can be refined to a
finite collection of open sets. Taking the intersection of the corresponding open
sets Uu,v gives an open set (since finite intersections of open sets are open) Uu

which is disjoint from each open set Xu,v. Consequently, Uu is disjoint from V ,
since every point of V lies in some set Xu,v. In other words, Uu is contained
in Y − V . Thus, for every point u ∈ Y − V , we have constructed an open set
contained in Y − V and containing the point u. So Y − V is the union of all
these open sets and, hence, is open. So V is closed. •

Lemma 93 Let f : S → T be a function between two topological spaces. Then
f is continuous if, and only if, f−1(C) is closed whenever C ⊂ T is closed.

Proof If f is continuous and C is closed, then T −C is open, so f−1(T −C) is
open, so f−1(C) = S − f−1(T − C) is closed.

If f−1(C) is closed whenever C is, and U ⊂ T is an open set, then T − U is
closed, so f−1(T − U) is closed and, hence f−1(U) = S − f−1(T − U) is open.
•

Proof of Theorem 90 Let f : X → Y be a continuous bijection. As it is a
bijection, there is an inverse function g : Y → X and we must show that g is
continuous. We will do this using Lemma 93, so suppose that U ⊂ X is closed.
By Lemma 91, U is compact, as X is compact. Then g−1(U) is the image of
U under the continuous map f , so g−1(U) is compact by Proposition 65. Now
g−1(U) is a compact subset of a Hausdorff space Y so, by Lemma 92, g−1(U)
is closed. Thus g is continuous. •

4.2 Disjoint unions

Having established what we mean by saying two topological spaces are ‘the
same’, we now turn to ways of building new topological spaces out of old ones.
The simplest such construction is that of forming ‘disjoint unions’.

Example 94 The space S0 = {−1,+1} is the disjoint union of two one-point
spaces {−1} and {+1}:

S0 = {−1} q {+1}.

If we have any two topological spaces S, T then we can define their disjoint
union S q T as follows. The points in S q T are all the points of S together
with all the points in T . A subset Q of SqT is open if Q∩S is open and Q∩T
is open. So the open sets of S q T are just the unions of an open set in S with
an open set in T .
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Example 95 We can form a set of train tracks by taking RqR:

One open set is (0, 4)q (10, 16):

( )
( )

0 4

10 16
Another is ∅ q (3, 8):

( )
3 8

Note that if S and T are both subsets of a given space and S ∩ T is not
empty, then in S q T we count the points in the intersection twice. This is
illustrated by the following example.

Example 96 The disjoint union of the circle S1 and the interval [−2, 2] is
homeomorphic to a ‘rising sun’

and not homeomorphic to an ‘underground sign’

Note that every (non-trivial) disjoint union is disconnected, for S and T are
open subsets of S q T and S ∩ T = ∅ and S ∪ T = S q T . (I am assuming that
both S and T are non-empty). And conversely every disconnected space is a
disjoint union.

Example 97 The punctured real line R − {0} = (−∞, 0) ∪ (0,∞) can be ex-
pressed as a disjoint union (−∞, 0)q (0,∞) ∼= R qR, since any open interval
is homeomorphic with R.

The disjoint union construction is very useful for our deconstructive purposes
as it carries a lot of topological information. For example, we can describe
continuous maps to or from a disjoint union very precisely in terms of maps to
or from the separate components.

Theorem 98 If Q is a connected topological space then a continuous map Q→
S q T corresponds to either a continuous map Q → S or a continuous map
Q→ T .

If R is any topological space then a continuous map S q T → R corresponds
to a pair of continuous maps (S → R, T → R).

36



Proof If f : Q→ S q T is continuous, then the preimages f−1(S) and f−1(T )
will both be open. Their union is f−1(S q T ) = Q, and their intersection
is empty. So as Q is connected, either f−1(S) or f−1(T ) must be empty. If
f−1(S) = ∅, then the image of f is contained in T , so we can think of f as a
continuous map Q→ T . If, on the other hand, f−1(T ) = ∅ then f corresponds
to a continuous map Q→ S.

If g : S q T → R then we can define continuous maps gS : S → R and
gT : T → R by

gS(x) = g(x) for x ∈ S and gT (y) = g(y) for y ∈ T.

On the other hand, if hS : S → R and hT : T → R are continuous maps, then
we can define a continuous map

h : S q T → R

by

h(x) =
{

hS(x) if x ∈ S
hT (x) if x ∈ T.

•

Example 99 Since S0 = {−1}q{+1}, a continuous map S0 → R corresponds
to a pair of continuous maps {−1} → R and {+1} → R. A continuous map
from a one-point space to R is determined by its image, which will be a point
in R. And all points in R correspond to continuous maps in this way. Thus
continuous maps S0 → R correspond to pairs of real numbers, i.e. points in
R2.

Example 100 A map R− {0} → R corresponds to a pair of maps R→ R.

Theorem 101 If S and T are compact topological spaces then their disjoint
union S q T will be compact. Conversely, if S q T is compact, then both S and
T must be compact.

Proof To prove the first assertion, take any open cover U of SqT . By definition
of the topology on S q T , each open set in U will be a union of an open subset
of S and an open subset of T . So we have, in particular, an open cover of S and
an open cover of T . As both S and T are compact, we can finitely refine each
of these open covers. Let V be the collection of all sets Q in U such that either
Q ∩ S is part of the finite refinement of the open cover of S, or, Q ∩ T is part
of the finite refinement of the open cover of T .

Then V will be an open cover of SqT as it covers both S and T . Moreover,
it will be finite, as the most sets it could include would involve one for each
set in the finite refinement of the cover of S and one for each set in the finite
refinement of the cover of T , i.e. the sum of two finite numbers which will again
be finite.
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Conversely, suppose that S q T is compact. Let U be an open cover of S.
We can turn this into an open cover for S q T by also including the set T .
Since S q T is compact, this open cover for S q T has a finite refinement. This
refinement will include T , but if we remove T from it, we will be left with a
finite refinement of the original open cover for S. Hence S is compact, and the
same argument can be applied to T . •

Similarly, the following result is not hard to prove.

Theorem 102 If S and T are Hausdorff topological spaces then their disjoint
union S q T will be Hausdorff. Conversely, if S q T is Hausdorff, then both S
and T must be Hausdorff.

4.3 Product spaces

A more intricate way of combining two topological spaces to give a new one
is the ‘product construction’. If we have two sets S, T then we can form their
Cartesian product S × T whose points are pairs (s, t), of one point s from S
and one point t from T .

Example 103 The most familiar example of this is R ×R, which we usually
write as R2. A point in R2 is a pair (x, y) of one number, x, taken from R,
and another number y, also taken from R.

But if we want to take the product of two topological spaces, and we want
the result to be a topological space again, then we need to put a topology on
S×T , based on the topologies of S and T . And, of course, we want this topology
to be such that when we take R ×R we get the familiar topology on R2. We
will use this example to guide us in putting a topology on any product S × T .

Recall that a basis for R2 is given by taking all the open discs in R2. We
will first indicate how to construct an open disc from the topology on R. The
obvious open sets in R2 are those of the form P ×Q where P and Q are open
sets of R. These take the form of open rectangles in R2. We can use these
to construct an open disc in R2 by taking the union of all the open rectangles
whose corners lie on the circumference of the disc.

An open disc as a union of open rectangles

If every open disc can be expressed as a union of sets of the form open set
× open set, then so can every open set of R2. In other words, the sets of the
form open set × open set form a basis for the topology on R2.
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In general, then, if we have any two topological space S and T , the product
topology on S × T is the topology whose basis is the collection of products
P ×Q of an open subset P ⊂ S with an open subset Q ⊂ T .

Example 104 The discussion above shows that R ×R is (homeomorphic to)
R2.

We can picture the product of S and T by thinking of a copy of S for each
point in T .

Example 105 The cylinder C of Example 29 is homeomorphic to S1 × [0, 1].

Example 106 If we form the product of S1 with itself, then we have a copy of
the circle for each point in the circle, so we get the torus T 2.

Proposition 107 For any topological spaces Q, S and T , a continuous map
f : Q → S × T corresponds to a pair of continuous maps fS : Q → S and
fT : Q→ T .

Corollary 108 Continuous maps R − {0} → T 2 correspond to pairs of maps
R − {0} → S1 and these, in turn, correspond to lists of 4 maps R → S1 since
R− {0} = RqR.

4.4 Quotient spaces

The last construction we will meet in this course is the most powerful but the
most complicated. A simple example of the kind of space that we want to be
able to construct as a quotient space is the circle, S1. If we have the interval
[0, 1] in R, then, intuitively, we can form the circle by gluing the ends of this
interval together:

- - -

Forming the circle from the interval [0, 1]

In this example we have a space (the interval [0, 1]) and specified two points
in it (the end points) which are to be ‘glued together’. More generally, we will
have a space X (the interval [0, 1] in the above example) and a subset A (the
set {0, 1} of end-points in the above example) and we want to shrink A to a
single point. The result will be called the ‘quotient space’ X/A, but we want
this to be a topological space, so we must explain what the points are in the
space, and then what the open sets are.
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The quotient space X/A is the set X−A∪{∗} consisting of the complement
of A in X together with one extra point, labelled ∗. To define the topology on
X/A, note that there is a function π : X → X/A defined by

π(x) =
{

x if x ∈ X −A
* if x ∈ A

called the canonical projection. We then say that a subset U ⊂ X/A is open
if (and only if) the preimage π−1(U) is an open subset of X. It is straightforward
to verify that this satisfies the axioms and so forms a topology on X/A.

Example 109 Let X = [0, 1] and A = {0, 1} as above. As a set X/A =
(0, 1) ∪ {∗}, and a subset U ⊂ X/A is open if π−1(U) is open in [0, 1], where

π(x) =
{

t if t ∈ (0, 1)
* if t = 0of t = 1

For example, let U ⊂ X/A be the subset (0, 1
2 ) ∪ {∗}. Then π−1(U) = (0, 1

2 ) ∪
{0, 1} = [0, 1

2 ) ∪ {1}. This is not an open subset of [0, 1] as the space 1 has no
breathing space about it. Therefore U is not an open set in the quotient space
X/A.

Example 110 Let X = [0, 1] × [0, 1] be a solid square, and let A = ∂X =
[0, 1]× {0, 1} ∪ {0, 1} × [0, 1] be the boundary of the square. Then X/A ∼= S2.

Similarly, if X is a solid disc D2 and A = ∂X = S1 is the boundary, then
X/A is homeomorphic to S2.

Forming a quotient space X/A is one type of gluing construction, as we have
‘glued’ all the points of A together to a single point. But there are more general
quotient spaces where we glue points together, but not all to the same point.

For example, we could take X = [0, 1]× [0, 1] to be the solid square, and we
might want to glue opposite edges of the square together to get a cylinder. Since
we are not gluing all these edge points to one single point, this construction does
not fit the above definition of quotient space. So we extend the definition as
follows. What we need to allow is to have an equivalence relation ∼ defined on
X, with x ∼ y indicating that the two points x and y are to be glued together.

Example 111 Let X = [0, 1] × [0, 1] and define an equivalence relation ∼ on
X by

x ∼ y if
{

either x = x′ and y = y′

or x = x′ and |y − y′| = 1

so that two different points (x, y) and (x′, y′) are equivalent only if x = x′ and y
and y′ differ by 1, i.e. one point is on one edge, and the other point is directly
above or below it on the other edge.

Given an equivalence relation ∼ on a set X we can form the set X/∼ of
equivalence classes. There is always a projection function π : X → X/∼ given
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by sending a point of X to the equivalence class containing that point. If X is
a topological space and ∼ is an equivalence relation on X, then the quotient
space X/∼ is the set of equivalence relations with the topology defined by
U ⊂ X/∼ is open if, and only if, π−1(U) is open in X.

If we want to form X/A, then we can express it in this language by defining
an equivalence relation by

x ∼ y if
{

either x = x′

or x ∈ A and y ∈ A

Then X/∼= X/A, so the collapsing-a-subset type of quotient space (X/A) is
just a special case of the equivalence-relation quotient space (X/∼).

Theorem 112 Suppose that Q is a quotient of a topological space T under the
equivalence relation ∼. If S is any other topological space and f : Q → S is a
continuous function, then we can compose f with the projection π : T → Q to
get a function T → S which will also be continuous. In other words, given a
function f as in the diagram, there is a function T → S, as shown by a dotted
line, such that the diagram commutes.

T

?
π

Q
R

S-

Conversely, if f : T → S is any continuous function such that f(x) = f(y)
whenever x ∼ y, then there is a corresponding continuous function f̃ : Q → S
such that f̃ ◦ π = f , i.e. the following diagram commutes

T

?
π

Q

@
@

@@R
S-

These give a one-to-one correspondence between

{ continuous maps Q→ S }

and

{ continuous maps T → S such that f(x) = f(y) whenever x ∼ y }

Proof If π : T → Q is the projection then we can turn a map f : Q→ S into a
map T → S by composition:

f ◦ π : T → S.

This will be continuous as both f and π are.
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Conversely, if f : T → S is continuous and f(x) = f(y) whenever x ∼ y,
then we can derive a map f̃ : Q → S by f̃(E) = f(x) if E is an equivalence
class and x a member of E. The key point is that if y is another member of E
then x ∼ y, so f(x) = f(y) and g(E) = f(y). Thus it does not matter which
member of E we choose, as f gives the same value on each of them. And we
certainly have f̃ ◦ π = f .

To show that this map f̃ is continuous, let R be an open subset of S. Then

f−1(R) = (f̃ ◦ π)−1(R) = π−1(f̃−1(R)).

The function f is continuous, so f−1(R) is open, i.e. π−1(f̃−1(R)) is open.
And the topology on Q was defined so that the preimage π−1 of a set is open
precisely when the set is open. So π−1(f̃−1(R)) being open means that f̃−1(R)
is open. Hence f̃ is continuous. •

This result is very helpful when studying any map whose domain is a quotient
space. And with the following result we will be able to easily identify many of
the quotient spaces we are interested in.

Lemma 113 If X is a compact topological space and ∼ is any equivalence re-
lation on X, then X/∼ is compact.

Proof π : X → X/∼ is continuous and surjective so, by Proposition 65, X/∼
is compact. •

Proposition 114 [0, 1]/{0, 1} is homeomorphic with S1.

Proof The exponential map restricts to a continuous map e : [0, 1]→ S1 which
is surjective. By the Theorem, this corresponds to a map [0, 1]/{0, 1} → S1

which is also surjective. Moreover, since e(x) = e(y) only when x − y is an
integer, we see that e corresponds to an injective map [0, 1]/{0, 1} → S1. By
the Lemma, [0, 1]/{0, 1} is compact, and S1 is Hausdorff, so this continuous
bijection [0, 1]/{0, 1} → S1 is a homeomorphism. •

Using this result and the Theorem gives a way of understanding continuous
maps from S1 which we will exploit in the next section.

Example 115 For any topological space T , a function f : S1 → T can be
considered as a function f : [0, 1] → T . And any map g : [0, 1] → T with the
property that g(0) = g(1) can be considered as a map S1 → T . This way of
dealing with maps from S1 is very helpful as we will see later, as it is quite easy
to understand maps from [0, 1], and not hard to keep track of g(0) and g(1).

Similarly, we can quotient the square by identifying two opposite edges and
this will give the cylinder.

Example 116 If X = [0, 1]× [0, 1] with the relation

x ∼ y if
{

either x = x′ and y = y′

or x = x′ and |y − y′| = 1,
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then X/∼ is homeomorphic to the cylinder, thanks to the continuous surjection
[0, 1]× [0, 1] → [0, 1]× S1 given by (x, y) 7→ (x, e(y)). The proof that this leads
to a homeomorphism X/∼→ [0, 1]×S1 is identical to the proof of the preceding
Proposition.

Example 117 Let C be the cylinder [0, 1]× S1, and define ∼ so as to glue the
ends together. Then C/∼ is homeomorphic to the torus.

Hence if X = [0, 1]× [0, 1] then, by gluing each edge to the opposite edge, we
can obtain a torus from X.

Example 118 Alternatively, we can glue together both pairs of opposite edges
of the square, but with the orientation reversed on one pair, by defining

(x, y) ∼ (x′, y′)⇐⇒ Either x−x′ ∈ Z and y = y′ or x = 1−x′ and y−y′ = ±1.

This gives a space we have not met before, the Klein bottle. This cannot be
embedded in three dimensional space, so it is hard to visualize. The following
picture shows a three-dimensional image of the Klein bottle, achieved by allowing
some intersections which do not occur in the Klein bottle itself.

Like the torus, we can think of this as a cylinder with the boundary circles glued
together, so that the arrows in the diagram match up.

6
? ?

6

Note that the arrows on the right hand circle are in the opposite direction to the
way they would be if we were making a torus.

Like the Möbius band, the Klein bottle has only one side. In fact, if we cut
the Klein bottle in two pieces, along the horizontal plane through the arrowheads
in the above diagram, then we get two Möbius bands.

Example 119 The way we defined the real projective spaces was so that RP 2 =
(R3 − {0})/∼ where (x, y, z) ∼ (x′, y′, z′) if (x, y, z) = λ(x′, y′, z′) for some
λ ∈ R. Similarly, RPn is a quotient of Rn+1 − {0}.
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An alternative description of RPm as a quotient is as follows. Each point
on the sphere Sm ⊂ Rm+1 determines a line through the origin. Two points x, y
in Sm will give the same line only if they are antipodal, i.e. y = −x. So RPm

is homeomorphic to the quotient of Sm under the relation y ∼ x when y = ±x.
Yet another description can be obtained by simplifying this one. If we just

take the Northern hemisphere of Sm, i.e. the space of all points (x1, . . . , xm+1) ∈
Sm with xm+1 ≥ 0, then again every such point determines a line through the
origin in Rm+1. Now the only time that two points can give the same line is if
xm+1 = 0 and ym+1 = 0 and (x1, . . . , xm, 0) = −(y1, . . . , ym, 0). So we take the
Northern hemisphere and identify antipodal points on the boundary.

Now the northern hemisphere is homeomorphic to the disk Dm, by vertical
projection: (x1, . . . , xm+1) ↔ (x1, . . . , xm, 0). (For, if (x1, . . . , xm+1) is on the
sphere then xm+1 is determined by x1, . . . , xm up to a sign, and in the Northern
hemisphere, that sign must be positive).

Hence RPm is homeomorphic with the quotient space of Dm under the iden-
tification x ∼= −x for points x on the boundary of Dm. (Incidentally, this is why
we write RPm and not RPm+1).

Many seemingly obscure spaces can be expressed as quotients. But it can
also be useful to express quite simple spaces as quotients.

Example 120 The interval [0, 1] can be thought of as a quotient space of the
disjoint union [0, 1

2 ] q [ 12 , 1] under the relation 1
2 ∼

1
2 , relating the end of the

first interval to the beginning of the second.

The reason for doing such a bizarre thing is the following ‘gluing lemma’:

Lemma 121 If T is a topological space, and f : [0, 1
2 ] → T and g : [12 , 1] → T

are continuous maps such that f( 1
2 ) = g( 1

2 ), then they determine a continuous
map h : [0, 1]→ T such that

h(x) =
{

f(x) if x ≤ 1
2

g(x) if 1
2 ≤ x.

Of course, we can split the interval at any point, not just 1
2 , and we can split it

into any number of pieces, not just 2. Thus we can construct a continuous map
on the interval in pieces, and glue them together to get a map on the whole
interval which is continuous. And we can do the same with many other spaces.
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5 Homotopy

One ultimate goal of topology is to list all the continuous functions with a given
domain and range. Of course that is nearly always impossible because there
are far, far too many. If, however, we allow some leeway, and consider some
functions as equal to others, then the problem becomes more feasible. One
criteria for considering two functions to be equal is the notion of ‘homotopy’.

For example, let f : [0, 2] → R be the function f(x) = 1 + x2(x − 2)2,
depicted below.

- x

6

f(x)

0 2

1

This is almost a constant function to 1, but with a small deviation around x = 1.
If we take the function f1(x) = 1 + 1

2x2(x− 2)2, then this has a similar shape,
but with a smaller deviation. Similarly, f2(x) = 1 + 1

3x2(x − 2)2 has the same
shape but with an even smaller deviation.

- x

6
f(x)

f2(x)

f1(x)
R

0 1

1

Carrying on, for each n ≥ 1, we can define fn(x) = 1+ 1
(n+1)x

2(x−2)2, and thus
obtain a family of functions interpolating between f and the constant function.

However, this interpolationg process allows us to jump from f1 to f2, and
from f2 to f3 and so on. It is not a continuous process so, instead, we should
parametrize the interpolating functions by real numbers in some range, not by
integers. So we require that there be functions ft, one for each t ∈ [0, 1]. In that
case we would consider f0 and f1 to be equivalent. However, we need some sort
of continuity in t: if t is close to t′, then ft ought to be close to ft′ . The easiest
way to do that is as follows.

Definition: If f, g : S → T are continuous maps and there is another
continuous map F : S × [0, 1]→ T such that

F (x, 0) = f(x) and F (x, 1) = g(x)

for all x ∈ S, then f and g are said to be homotopic, written f ' g, and
F is a homotopy between f and g.

Example 122 Let f : S1 → R2 be the natural inclusion map, and let g : S1 →
R2 be the constant map g(x) = (0, 0) for all x ∈ S1. These two maps are
homotopic, for let

F : S1 × [0, 1]→ R2

be defined by
F ((x, y), t) = ((1− t)x, (1− t)y).
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Then F is continuous, because it is a composite of additions and multiplications.
And F ((x, y), 0) = (1x, 1y) = (x, y) = f(x, y). And F ((x, y), 1) = (0x, 0y) =
(0, 0) = g(x, y).

Example 123 Let f : [0, 2]→ [0, 2] be the identity map and let g : [0, 2]→ [0, 2]
be the constant map g(x) = 0 for all x. Then there is a homotopy between these
maps given by

F : [0, 2]× [0, 1]→ [0, 2]

F (x, t) = (1− t)x.

Example 124 Let f, g : R→ R be any two continuous functions. Define

F : R× [0, 1]→ R

by F (x, t) = (1 − t)f(x) + tg(x). Then F is continuous, being a composite of
continuous functions, F (x, 0) = (1 − 0)f(x) + 0 = f(x) and F (x, 1) = 0 +
1g(x) = g(x), so F is a homotopy between f and g. In other words, any pair of
continuous functions on R are homotopic.

Lemma 125 Let f : S → T be any continuous map. Then f ' f .

Proof We can define a homotopy

F : S × [0, 1]→ T

by F (x, t) = f(x) for all t. Then F (x, 0) = f(x) and F (x, 1) = f(x). •

Lemma 126 Let f, g : S → T be two continuous maps. If F is a homotopy
between f and g, then there is also a homotopy between g and f .

Proof If F (x, 0) = f(x) and F (x, 1) = g(x), then define

G : S × [0, 1]→ T

by G(x, t) = F (x, 1− t). Then G(x, 0) = g(x) and G(x, 1) = f(x). •

Lemma 127 Let f, g, h : S → T be three continuous maps. If f and g are
homotopic and g and h are homotopic, then f and h are homotopic.

Proof Let F : S × [0, 1] → T be a continuous map such that F (x, 0) = f(x)
and F (x, 1) = g(x), and let G : S × [0, 1] → T be a continuous map such
that G(x, 0) = g(x) and G(x, 1) = h(x). Define a further continuous map
H : S × [0, 1]→ T by

H(x, t) =
{

F (x, 2t) if 0 ≤ t ≤ 1
2

G(x, 2t− 1) if 1
2 ≤ t ≤ 1

•

So homotopy is an equivalence relation between continuous functions which
means we can consider ‘homotopy classes’ of continuous maps. We write [S, T ]
for the set of homotopy classes of maps S → T , i.e. equivalence classes of
continuous maps under the equivalence relation of homotopy.
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5.1 Homotopy equivalence

Having defined homotopy (a relation between functions), we can now define ho-
motopy equivalence (which is a relation between spaces), by taking the definition
of homeomorphism and inserting some homotopies.

Definition: Let S and T are two topological spaces. If f : S → T and
g : T → S are continuous maps such that

(g ◦ f) ' 1S and (f ◦ g) ' 1T ,

where 1S is the identity map on S and 1T is the identity map on T , then
we say that S and T are homotopy equivalent, and that f and g are
homotopy equivalences.

Example 128 If S is a space containing a single point, then S and R are
homotopy equivalent. To see this, define f : R→ S to be the constant function
(there is no choice as to how to define f), and let g : S → R be the function
which takes the single point in S to 0 in R. The composite f ◦ g : S → S is
the identity map, while the composite g ◦ f : R → R is the constant function
to 0. Since all functions R → R are homotopic, by Example 124, so g ◦ f is
homotopic to the identity.

Example 129 Let A be the annulus

A = {(x, y) ∈ R2 : 1 ≤
√

x2 + y2 ≤ 2}.

Then A ' S1 as follows. Define f : S1 → A to be the natural inclusion
f(x, y) = (x, y), and g : A → S1 to be the radial projection inwards which
can be described algebraically as

g(x, y) =
1√

x2 + y2
(x, y).

Now, g ◦ f is the identity on S1 because, if (x, y) ∈ S1, then g(x, y) = (x, y).
This is certainly homotopic to the identity, by Lemma 125.

And (f ◦ g)(x, y) = 1√
x2+y2

(x, y). This is homotopic to the identity on A by

the homotopy F : A× [0, 1]→ A defined by

F ((x, y), t) =
t
√

x2 + y2 + (1− t)√
x2 + y2

(x, y).

(Check: this is continuous, being a composite of continuous maps; F ((x, y), 0) =
(f ◦ g)(x, y) and F ((x, y), 1) = (x, y).)

Hence f and g form a homotopy equivalence between A and S1.

Lemma 130 If S and T are homeomorphic, then they are also homotopy equiv-
alent.
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Proof If we have homeomorphisms f : S → T and g : T → S, then f ◦ g and
g ◦ f are the respective identity maps, so these composites are homotopic to the
respective identity maps by Lemma 125. •

Of course, there are many pairs of spaces which are homotopy equivalent
but not homeomorphic.

Example 131 The open interval (0, 1) is homotopy equivalent to {0}. We can
define f : (0, 1) → 0, and define g : {0} → (0, 1) by g(0) = 1

2 . With this
choice of g, a homotopy from (g ◦ f) to the identity map of (0, 1) is given by
H : (0, 1)× [0, 1]→ (0, 1) defined by

H(x, t) =
1− t

2
+ tx.

The image H(x, t) is certainly contained in (0, 1) if x, t ∈ (0, 1) × [0, 1], and
H is continuous, being a composite of multiplications and additions. The same
argument shows that [0, 1] is homotopy equivalent to {0} as well.

A space like (0, 1) or [0, 1], which is homotopy equivalent to a one-point
space (such as {0}), is said to be contractible. Example 128 above shows that
R is contractible.

Proposition 132 If S is contractible and T is any topological space then any
two continuous functions f, g : T → S are homotopic. In particular, any con-
tinuous function to a contractible space is homotopic to a constant map.

Proof Let f, g : T → S be two continuous maps. If S is contractible, then there
are continuous maps h : S → {0} and j : {0} → S such that h ◦ j ' 1 and
j ◦ h ' 1. In particular,

f = (1 ◦ f) ' (j ◦ h ◦ f) and g = (1 ◦ g) ' (j ◦ h ◦ g).

Since h ◦ f : T → {0}, so j ◦ h ◦ f : T → S must be the constant map t 7→ j(0)
for all t ∈ T . Similarly j ◦ h ◦ g is this same constant map, and so f ' g. •

Contractible spaces are thus uninteresting from a homotopy point of view:
all functions to them are homotopic, and homotopic to constant maps. Since R
is contractible, this confirms that all functions from R to R are homotopic, as
we saw in Example 128. But are there any ‘interesting’ spaces?

Proposition 133 The 2-point space S0 is not contractible.

Proof Suppose that S0 is contractible, with homotopy equivalences f : S0 →
{0} and g : {0} → S0. Then f ◦ g : {0} → {0} has to be the identity, and
(g ◦ f) : S0 → S0 is homotopic to the identity. So there is a homotopy

F : S0 × I → S0

with F (x, 0) = x and F (x, 1) = g(f(x)) = g(0).
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Now define a map h : I → S0 by

h(t) = F (−g(0), t).

This will be a continuous map, with h(0) = F (−g(0), 0) = −g(0) and h(1) =
F (−g(0), 1) = g(0). Since S0 only has two points, h must be surjective. But
by Lemma 45 and the fact that I is connected (proved as part of the proof of
Theorem 49), this cannot happen. Hence there cannot have been a homotopy
equivalence between S0 and {0}. •

One can develop this idea to show that a space consisting of n points is
homotopy equivalent to a space consisting of m points only if m = n. But to
deal with any more interesting spaces, even such humble spaces as the circle S1,
requires a lot more work.

5.2 The circle

There seems to be no simple proof that the circle is not contractible. The best
way is to study all continuous maps from the circle to itself, and show that there
are some which are not homotopic to each other. This would not be the case
if S1 were contractible. In fact, we can list all the homotopy classes of maps
S1 → S1, i.e., we can calculate [S1, S1], and this section is devoted to that
calculation.

We will study maps S1 → S1 by looking at maps [0, 1] → R. Example 115
shows that maps from S1 can be considered as maps from [0, 1] which agree at
the end-points, and if we have a map [0, 1]→ R, then we can compose with the
exponential map e : R → S1 to obtain a map [0, 1] → S1. More interestingly,
we can go the other way: if we have a map [0, 1] → S1, we can ‘lift’ this to a
map [0, 1]→ R. This is the key to the calculation.

[0, 1]

?
π

S1 - S1
f

Q
Q

QQs

- R

?
ef̄

f̃

Recall that e : R→ S1 was defined by

e(t) = (cos(2πt), sin(2πt)) for t ∈ R.

The best way to think of this map is to imagine an infinite spiral staircase,
which is to be thought of as R. If you look down on this from above then you
will see just a circle, and this tells you where points on the staircase are sent to
in S1.
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1

−1

0

1

2

The map e : R→ S1

The highlighted part of the spiral shows the preimage under e of the highlighted
part of the circle.

The first result we need is the ‘lifting’ theorem that maps [0, 1]→ S1 can be
‘lifted’ to maps [0, 1]→ R.

Proposition 134 (Path-lifting) If f : [0, 1] → S1 is a continuous function,
then for any point x ∈ R such that e(x) = f(0), there is a unique continuous
function f̃ : [0, 1]→ R such that ef̃(t) = f(t) for all t ∈ [0, 1] and f̃(0) = x.

The way to think of this statement is to think of the parameter t ∈ [0, 1] as
specifying a moment in time. As t runs from 0 to 1, so f traces out a path in
S1. The condition ef̃(t) = f(t) specifies that f̃(t) must always be above f(t) in
the spiral staircase picture. It is as if one person is walking around a circle, and
someone else is on a spiral staircase and determined to always be directly above
the first person. Clearly they can always do that if they move fast enough, but
there is no choice about where they move.
Proof We will construct f̃ bit by bit. The key to this is that if we take any
‘proper’ subset U of S1 (i.e., any subset except the whole of S1), then its preim-
age under e is a disjoint union of infinitely many spaces, each homeomorphic to
U . Now suppose we have a small interval [δ1, δ2] ⊂ [0, 1] whose image, under
f , is contained in U . And suppose that f̃(δ1) is already defined in such a way
that ef̃(δ1) = f(δ1). Then f̃(δ1) lies in one of these spaces homeomorphic to U .
We can then compose that homeomorphism with f to define f̃ on the interval
[δ1, δ2] so as to agree with the value on δ1.

So, then, we need a few subsets of S1 (two, in fact, are sufficient) such that
we can partition the interval [0, 1] by smaller closed intervals such that the image
of each, under f , is entirely contained in one of our subsets of S1.

Let U = S1 − {1} be the open subset of circle containing every point apart
from 1, and let V = S1−{−1} be the open subset containing every point apart
from −1.
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The preimages f−1(U) and f−1(V ) will be open subsets of [0, 1]. Hence, for
each point x in f−1(U), there will be some δ such that the interval (x− δ, x +
δ)∩ [0, 1] is contained in f−1(U). This set (x− δ, x+ δ)∩ [0, 1] is an open subset
of [0, 1]. Thus, by considering every point x of f−1(U), we get an open covering
of f−1(U) by intervals.

Doing the same for f−1(V ) we can get an open covering of f−1(U). Since
U ∪ V = S1, so f−1(U) ∪ f−1(V ) = [0, 1]. Thus, if we put these two open
coverings (of f−1(U) and f−1(V )) together, we get an open covering of [0, 1].
Now [0, 1] is compact, so we can refine this open covering to get a finite covering
I1, I2, . . . , In, with the property that, for each i, either Ii ⊂ f−1(U) or Ii ⊂
f−1(V ).

If these cover [0, 1] then, as we travel from 0 to 1, we will always be inside
(at least) one of these sets Ii. Let’s agree to order them according to which ones
we meet as we go from 0 to 1. So 0 ∈ I1, 1 ∈ In. Since all the Ii’s are open
subsets of [0, 1], we can find numbers δ0, . . . , δn such that δ0 = 0, δn = 1 and
δi ∈ Ii ∩ Ii+1 for 0 < i < n.

δ0

0
[

I1 b1
)

a2
(

I2 b2
)

δ1

a3
(

I3 b3
)

δ2

a4
(

δ3

Thus [δi, δi+1] ⊂ Ii+1 for each i < n and the union of all these closed intervals
will be [0, 1]. We will construct f̃ by defining it on each of these closed intervals
in turn.

We must have f̃(0) = x, and we can think of this as determining f̃ on the
interval [0, δ0]. This will serve as the first step of an induction argument.

To continue, suppose that we have f̃ defined and continuous on the interval
[0, δi]; we wish to extend this definition to the larger interval [0, δi+1]. We do this
by defining a continuous function f̄ on [δi, δi+1] such that f̄(δi) = f̃(δi). With
such a function f̄ , the definition and continuity of f̃ on [0, δi+1] follow from a
variant of Lemma 121 (where 1

2 and 1 are replaced by δi and δi+1 respectively).
By construction [δi, δi+1] is either contained in f−1(U) or in f−1(V ) (or

possibly both). Suppose, for now, that it is contained in f−1(U). So we can
think of f as restricting to a map [δi, δi+1]→ U . If ef̃(δi) = f(δi) then ef̃(δi) ∈
U , so f̃(δi) cannot be an integer (for e(n) = 1 6∈ U for all n ∈ Z). Hence there
is some open interval (n, n+1), where n is an integer, which contains f̃(δi). We
can define a map gn

U : U → (n, n + 1) by

gn
U : (cos(2πφ), sin(2πφ)) 7→ n + φ,

where we take φ to be in the range 0 < φ < 1. This is continuous, and has the
property that e ◦ gn

U is the identity on U . So gn
U (f(δi)) = f̃(δi). We then define

f̄ to be the composite

[δi, δi+1]
f−→ U

gn
U−→ (n, n + 1) ↪→ R.
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This will be continuous, as it is a composite of continuous maps, and f̄(δi) =
gn

U (f(δi)) = f̃(δi). This completes the proof of the inductive step for the case
where [δi, δi+1] ⊂ f−1(U).

If [δi, δi+1] ⊂ f−1(V ) then we can restrict f to a map [δi, δi+1] → V . Then
f̃(δi) must lie in some interval (n− 1

2 , n + 1
2 ) for some integer n. We can define

a map gn
V : V → (n− 1

2 , n + 1
2 ) by

gn
V : (cos(2πφ), sin(2πφ)) 7→ n + φ,

where we now take φ to be in the range − 1
2 < φ < 1

2 . Then we define f̄ to be
the composite

[δi, δi+1]
f−→ V

gn
V−→ (n− 1

2
, n +

1
2
) ↪→ R.

As before, this is continuous, being a composite of continuous maps, and f̄(δi) =
gn

V (f(δi)) = f̃(δi). Thus, in either case, the inductive step is complete and we
can deduce the existence of a continuous map f̃ : [0, 1]→ R such that f̃(0) = x.

Finally, suppose that f̄ : [0, 1]→ R is another lift of f with f̄(0) = x = f̃(0).
Since e◦ f̄ = e◦f we see that f̄(y)− f̃(y) ∈ Z for all y. Thus we get a continuous
map f̄ − f̃ : [0, 1] → Z. By Lemma 55, this map must be constant. Since
f̄(0) = f̃(0) = x, we conclude that f̄(y)− f̃(y) = 0 for all y, i.e. f̄ = f̃ . Hence
the lift f̃ is unique. •

This enables us to define the degree of a continuous map f : S1 → S1. Pick
any point x ∈ R such that e(x) = f(0). Lift f to a path f̃ such that f̃(0) = x.
Then the degree of f is defined to be the integer f̃(1)− f̃(0).

This is dependent only on f . For suppose we picked another point y ∈
R with e(y) = f(0), and a lift f̄ such that f̄(0) = y. Then the function
ḟ : [0, 1] → R defined by ḟ(t) = x − y + f̄(t) would satisfy ḟ(0) = x and
e(̇f)(t) = e(x)−e(y)+ef̄(t) = f(t). Thus ḟ would be another lift of f beginning
at x. By uniquenss, ḟ = f̃ . Hence f̄(1)− f̄(0) = ḟ(1)− ḟ(0) = f̃(1)− f̃(0). So
the degree of f as calculated using f̄ would be the same as the degree of f as
calculated using f̃ .

Example 135 Any constant function S1 → S1 has degree 0, for the lift f̃ can
be taken to be constant: f̃(t) = x for all t, where x is chosen so that e(x) = f(0).
Hence deg(f) = 0

Example 136 The identity map S1 → S1 has degree 1. For a lift f̃ is given
by f̃(t) = t.

Example 137 If f is the map

f(cos(θ), sin(θ)) = (cos(2θ), sin(2θ))

then a lift f̃ is given by f̃(t) = 2t, so deg(f) = 2.
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Example 138 If n is an integer and f is the map

f(cos(θ), sin(θ)) = (cos(nθ), sin(nθ))

then f̃ will move along R n times as fast as the identity map, so deg(f) = n.

The next step is to show that if f, g : S1 → S1 are homotopic, then they
have the same degree. To do this, we do something similar to the ‘path-lifting’
used to define the degree of a map. Now, we lift homotopies as well as paths.

Proposition 139 If F : [0, 1] × [0, 1] → S1 is a continuous function, then for
any point x ∈ R such that e(x) = F (0, 0), there is a unique continuous function
F̃ : [0, 1] × [0, 1] → R such that eF̃ (s, t) = F (s, t) for all s, t ∈ [0, 1] and
F̃ (0, 0) = x.

[0, 1]× [0, 1] - S1
F

�
�

��3
R

?
e

F̃

Proof As before, set F̃ (0, 0) = x. Then there is some small rectangle [0, γ]×[0, δ]
whose image under F is contained within the closed half-circle around F (0, 0).
We can use the same argument as above to define F̃ (x, t) for (x, t) ∈ [0, γ]×[0, δ].
The next step is to find an adjacent rectangle [0, γ]× [δ, δ2] whose image (under
F ) is contained in a half-circle, so as to define F̃ on this rectangle. Carrying on
like this, we can define F̃ on [0, γ]× [0, 1].

Then we must start moving up, looking for a rectangle [γ, γ2]× [0, δ′] whose
image is contained in a half-circle, and so on. Eventually, we will be able to
define F̃ on the whole of [0, 1]× [0, 1] so that it is continuous and eF̃ = F .

Then
eF̃ (1, t) = F (1, t) = F (0, t) = eF̃ (0, t)

for each t ∈ [0, 1]. Hence F̃ (1, t)− F̃ (0, t) will be an integer for each t. As F̃ is
continuous, and F̃ (1, t)− F̃ (0, t) is always an integer, it follows that

F̃ (1, 0)− F̃ (0, 0) = F̃ (1, 1)− F̃ (0, 1).

But F̃ (1, 0)− F̃ (0, 0) = deg(f) and F̃ (1, 1)− F̃ (0, 1) = deg(g). Hence deg(f) =
deg(g), i.e. the degree is the same on homotopic maps. •

Corollary 140 If f, g : S1 → S1 are homotopic, then deg(f) = deg(g).

Proof Let H : S1×[0, 1]→ S1 be a homotopy between f and g. Considered as a
map defined on [0, 1]×[0, 1], we can lift this to a map H̃ : [0, 1]×[0, 1]→ R. Then
H̃ restricted to [0, 1]×{0} will give a lift for f , so deg(f) = H̃(1, 0)−H̃(0, 0). And
H̃ restricted to [0, 1]×{1} will give a lift for g, so that deg(g) = H̃(1, 1)−H̃(1, 0).
In fact, we can use H̃ to define a continuous map D : [0, 1] → Z by D(t) =
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H̃(1, t) − H̃(0, t). Then deg(f) = D(0) and deg(g) = D(1). However, by
Lemma 55, such a function D must be constant, since [0, 1] is connected. Hence
deg(f) = deg(g). •

Corollary 141 The circle is not contractible.

Proof Suppose that f : S1 → {0} and g : {0} → S1 are homotopy equivalences.
So g ◦ f ' 1S1 . Now, (g ◦ f)(x) = g(0) for all x, i.e. g ◦ f is a constant function,
and hence has degree 0. Conversely, the identity map has degree 1. As these
are different, g ◦ f cannot be homotopic to 1S1 , so S1 is not contractible. •

The final step in our computation of [S1, S1] is to see that two maps have
the same degree only when they are homotopic; this is the converse to Corollary
140.

Theorem 142 If f, g : S1 → S1 are such that deg(f) = deg(g), then f and g
are homotopic.

Proof The idea is to define a homotopy ‘upstairs’. Lift f and g to maps
f̃ , g̃ : [0, 1]→ R so that ef̃ = f ◦π and eg̃ = g ◦π. Define H : [0, 1]× [0, 1]→ S1

by
H(s, t) = e(tf̃(s) + (1− t)g̃(s)).

This is constant being a composite of continuous functions, and

H(s, 0) = eg̃(s) = g(π(s)) and H(s, 1) = ef̃(s) = f(π(s)).

Now, if d = deg(f) = deg(g), then f̃(1) = d + f̃(0) and g̃(1) = d + g̃(0), so

H(1, t) = e(tf̃(1) + (1− t)g̃(1)) = e(t(d + f̃(0)) + (1− t)(d + g̃(0)))
= e(td + tf̃(0) + (1− t)d + (1− t)g̃(0)) = e(d + (tf̃(0) + (1− t)g̃(0)))
= e(tf̃(0) + (1− t)g̃(0)) since d ∈ Z
= H(0, t).

Thus H corresponds to a map F : S1× [0, 1]→ S1 with F (π(s), t) = H(s, t), so
F (s, 0) = g(s) and F (s, 1) = f(s). Hence F is a homotopy from g to f . •

Corollary 143 [S1, S1] = Z.

Proof Every continuous map S1 → S1 has a degree, which is an integer. Ho-
motopic maps have the same degree, so this gives a function [S1, S1]→ Z. This
is surjective by Example 138. And it is injective by the preceding Theorem. •

5.3 Brouwer’s fixed point theorem

We have already seen a theorem saying that any continuous map from [0, 1] to
itself must have a fixed point. Our study of continuous maps from S1 to S1 can
be used to prove a two-dimensional version of this theorem, due to Brouwer.

54



Theorem 144 Let f : D2 → D2 be a continuous map, where D2 is the closed
disk

D2 = {(x, y) ∈ R2 : x2 + y2 ≤ 1}.
Then f has a fixed point, i.e. there is some (x, y) ∈ D2 for which f(x, y) =
(x, y).

Proof Suppose that f : D2 → D2 does not have a fixed point, so that f(x, y) 6=
(x, y) for all (x, y) ∈ D2. So, for each point (x, y) ∈ D2 we get two points (x, y)
and f(x, y), and we can draw a line through them both. Extend this line beyond
(x, y) until it meets the boundary of D2 (i.e. S1), and let g(x, y) be the point
where this happens. So we get a function g : D2 → S1 as in the picture.

f(x,y)
•�

�
���
•

(x,y) •g(x,y)

This map g is continuous, by construction and, if (x, y) is on the boundary
of D2, then g(x, y) = (x, y) no matter what f(x, y) is.

Now define a map
F : S1 × [0, 1]→ S1

by F ((x, y), t) = g(tx, ty).
This map F is continuous, so we can think of it as a homotopy between the

map h : S1 → S1 defined by h(x, y) = F ((x, y), 0) and j : S1 → S1 defined by
j(x, y) = F ((x, y), 1). Now h(x, y) = g(0) for all (x, y), so h is a constant map
and thus deg(h) = 0. On the other hand, however, j(x, y) = g(x, y) = (x, y) for
all (x, y), so j is the identity map and deg(j) = 1. If F really is a homotopy
between h and j then these degrees must be equal. Since they are not, the map
F cannot exist. Hence nor can g, showing in turn that the map f must have
had a fixed point in the first place. •

5.4 Vector Fields

Probably the most famous theorem of topology is the ‘Hairy ball theorem’. In
simple language this says that you cannot comb a hairy ball. To make this more
precise, we need the notion of a ‘vector field’.

When we comb a surface then, at each point in that surface, we move the
comb in a certain direction, tangential to the surface. So we have a function
which assigns, to each point on the surface, a direction, i.e. a vector, which is
tangential to the surface. Of course, we want this function to be continuous. A
continuous vector-valued function is called a vector field, and if the vector is
always tangential to the surface then it is called a tangential vector field.

Example 145 A simple example of a tangential vector field assigns, to each
point on the surface of the earth, a vector representing the wind felt at that
point.
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Example 146 Another example of a tangential vector field is given by combing
a hairy cylinder.

CCO CCO CCO CCO

How to comb a hairy cylinder

If we constantly comb round the cylinder, then we get a nowhere-zero tan-
gential vector field.

We can use our knowledge about homotopy classes of maps from S1 to S1

to tell us about vector fields, as illustrated by the next two theorems.

Theorem 147 If you stir a cup of coffee then, at any given moment in time,
some particle on the surface will be stationary.

Proof Let v : D2 → R2 be the vector field indicating how the surface of the
cup is moving. If v is nowhere zero, then we can define a continuous map
g : S1 → S1 by

g(x, y) =
−v(x, y)
|v(x, y)|

,

where we are identifying S1 with the boundary of D2. Then there is a homotopy
H : g ' id defined by

H((x, y), t) =
t(x, y)− (1− t)v(x, y)
|t(x, y)− (1− t)v(x, y)|

.

It takes some thought to see that this is continuous, as we must verify that
the denominator |t(x, y) − (1 − t)v(x, y)| cannot be zero. If it were zero, then
this would say that t(x, y) = (1 − t)v(x, y). If t = 1 then that would mean
(x, y) = 0, which cannot happen as (x, y) ∈ S1. And similarly, if t = 0, then
it would say v(x, y) = 0 which cannot happen by assumption. So t and 1 − t
are non-zero, and hence positive. So then v(x, y) = t

(1−t) (x, y), meaning v(x, y)
points in the same direction as (x, y). Since (x, y) is on the perimeter of the
cup, this says that the coffee is moving out of the cup, which cannot happen.
Hence |t(x, y) − (1 − t)v(x, y)| is never zero, so H is a continuous map. Hence
deg(g) = deg(id) = 1.

However, if v is nowhere zero, then we can also define a homotopy F :
S1 × [0, 1]→ S1 by

F ((x, y), t) =
v(tx, ty)
|v(tx, ty)|

.
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When t = 1, F ((x, y), 1) = g(x, y) and when t = 0, F ((x, y), 0) = v(0,0)
|v(0,0)| is

constant. So F is a homotopy between g and a constant map. As all constant
maps have degree 0, this gives a homotopy between a degree 1 map (g) and a
degree 0 map. This is impossible, so v must be zero somewhere, i.e. some point
is stationary. •

Theorem 148 (Hairy Ball theorem) Let v : S2 → R3 be a continuous tan-
gential vector field. Then there is some point x ∈ S2 such that v(x) = 0.

Proof Suppose that we have a continuous tangential vector field v : S2 → R3.
So we can think of this as assigning an arrow to each point on S2. We will split
the sphere up into three sections, by latitude:

A

B

We will first consider the region A, i.e. everything below (and including) the
upper line. This region is homeomorphic to the closed disc D2, by stereographic
projection. More importantly, if we think of v as placing an arrow at each point
on S2 tangential to S2, then under this stereographic projection, v corresponds
to a continuous map ṽ from D2 to R2, placing an arrow at every point of D2

tangential to D2.
Now we modify ṽ as follows. Let h : D2 → D2 be the continuous map which

shrinks the disc of radius 1
2 within D2 down to a point, and stretches out the

remainder of D2 accordingly.
-

-

-- •

So, using polar coordinates, h can be written as:

h(r cos(θ), r sin(θ)) =
{

((2r − 1) cos(θ), (2r − 1) sin(θ)) if r ≥ 1
2

(0, 0) if r ≤ 1
2 .

Define a new vector field w̃ on D2 by w̃ = ṽ ◦ h : D2 → R2. Note that
w̃(x, y) = ṽ(0, 0) if |(x, y)| ≤ 1/2, i.e. w̃ is constant throughout the disc of
radius 1/2 inside D2. But when |(x, y)| = 1, w̃(x, y) = ṽ(x, y), so ṽ and w̃ agree
with each other on the perimeter of D2.

The fact that ṽ and w̃ agree on the perimeter of D2 means that we can patch
w̃ in, in place of ṽ, in our original vector field on S2, to get a new continuous
tangential vector field w. Because w̃ is constant in the middle of D2, so w is
‘constant’ South of the lower tropic.
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Now we look at the region B, North of, and including this lower tropic.
Again, by stereographic projection, this region is homeomorphic to D2. But
look what happens to the perimeter of this region under this homeomorphism.
On the sphere, this perimeter corresponds to the lower tropic, on which w is
constant, depicted in the left of the following picture.

-
-

- - -
-
-

-
---
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However, when we apply stereographic projection, it has the effect of turn-
ing this circle inside out. The arrows on the perimeter then point in different
directions. In fact, as you can see from the right hand picture above, the arrows
rotate through 720◦ as you pass around the perimeter circle.

We can use this to define a continuous map f : S1 → S1 by

f(x, y) =
w′(x, y)
|w′(x, y)|

,

where w′ : D2 → R2 is the function corresponding to w under stereographic
projection. Since the arrows rotate through 720◦ as we go around the circle,
so deg(f) = 2. However, if v has no zeroes, then w will have no zeroes and
so, in particular, w′ will be nowhere zero. We could then define a homotopy
H : S1 × [0, 1]→ S1 by

H((x, y), t) =
w′(t(x, y))
|w′(t(x, y))|

.

If w′ is nowhere zero, then this is continuous. When t = 0, H((x, y), 0) =
w′(0, 0)/|w′(0, 0)| is constant. So H would be a homotopy from a degree 2 map
to a constant map. Since this cannot happen, w′ must have a zero somewhere.
Consequently, so must w and, in turn, v. •

Since, as we have seen, wind can be considered as a vector field on the surface
of the Earth, which is homeomorphic to S2, we get the following meteorological
consequence.

Corollary 149 At any moment in time, there is some point on the Earth where
there is no wind.

Remark Notice how we have applied our knowledge of [S1, S1] to problems
about vector fields, which don’t directly involve S1 or homotopy. A little knowl-
edge can, indeed, go a long way, and this shows how useful the ‘homotopy’
concept is that it can solve problems that have no apparent connection to it.
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6 The Euler Number

Having studied some topological invariants and some deconstructive topology, I
want to define one more topological invariant which has a number of interesting
consequences. This is the ‘Euler number’ or ‘Euler characteristic’.

The idea, which has roots going back to Euler, is to assign a number to each
topological space. This number tells us something about the topology of the
space and, in particular, spaces which are homotopy equivalent have the same
Euler number. (This, incidentally, provides us with one of the easiest ways of
showing that two spaces are not homotopy equivalent: if they have different
Euler numbers then they cannot be homotopy equivalent).

Although it is possible to define the Euler number for all spaces, it is easier
to understand if we restrict our attention to triangular topological spaces. These
are spaces built out of cells of varying dimensions: there are 0-cells, which are
just points, 1-cells, which are closed line segments, and 2-cells, which are spaces
homeomorphic to a closed disk, and so on.

Example 150 We can triangulate a circle, square and annulus as follows:

Of course, we want the cells to be put together in a sensible way. The best
way to explain this is to require a step-by-step recipe for building the space.
This will state that we need a certain number of 0-cells to begin with. Then,
some 1-cells will be strung between these 0-cells, so that at the end of each
1-cell is a 0-cell. There should not be any 0-cells in the middle of a 1-cell (after
all, this is easily avoided by putting more 1-cells in). Then some 2-cells will be
added, in such a way that the boundary of each 2-cell consists of 0-cells and
1-cells. Again, the interior of each 2-cell should not contain any 0- or 1-cells.
And so on.

The key point is that we can never go back: once we have started adding
1-cells, we cannot go back and add in some more 0-cells. And once we have
started adding 2-cells, we cannot then go back and add some more 1-cells.

We will restrict our attention to spaces with a finite number of cells, so there
will certainly only be a finite number of stages. A cellular space which has no
m-cells for m > n is called n-dimensional.

Definition: If T is a cellular space built using i0 0-cells, i1 1-cells, . . ., ik
k-cells, then the Euler number of T , written χ(T ), is given by

χ(T ) = i0 − i1 + i2 − i3 ± · · ·+ (−1)kik.
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Example 151 We built a circle with 2 0-cells and 2 1-cells, so its Euler number
is

χ = 2− 2 = 0.

Example 152 We built a square with 4 0-cells, 5 1-cells and 2 2-cells, so its
Euler number is

χ = 4− 5 + 2 = 1.

Example 153 We built an annulus with 4 0-cells, 8 1-cells and 4 2-cells, so its
Euler number is

χ = 4− 8 + 4 = 0.

Example 154 We can cellularize the torus in a number of different ways. The
most direct way is to cut it into three tubular sections. These will be identical,
so it will suffice to describe the cells in one of them. We’ll do this by taking our
cellular square from Example 150 and gluing the top and bottom edges together.
This will mean that we have only 2 0-cells instead of 4, and 4 1-cells instead of
5. The number of 2-cells stays the same.

Now, if we take three such tubular sections and glue them together, then we’ll
get a torus. But note that we will only have 3 0-cells, as these will pair off. And
we will only have 9 1-cells, as the 1-cells along the edge of the tubes will pair off.
Still the number of 2-cells stays the same, 3× 2 = 6. Thus the Euler number of
a torus is

χ = 3− 9 + 6 = 0.

An even slicker way to see this is to take our cellular square, with 4 0-cells,
5 1-cells and 2 2-cells. Gluing two edges together gives a tube, as above, and
removes 2 0-cells and 1 1-cell. Now gluing the ends of the tube together gives us
a torus, and in the process we lose 1 more 0-cell and 1 more 1-cell. Hence we
are left with χ = 1− 3 + 2 = 0.

Notice that the Euler number of the circle is the same as the Euler number of
the annulus and the same as the Euler number of the torus. This doesn’t mean
that these objects are topologically equivalent. None of these three topological
spaces are homeomorphic. The circle and annulus are homotopy equivalent, but
the torus is quite different. The point is that sometimes the Euler number can
distinguish different spaces, and sometimes it cannot. It can tell the difference
between the square and the circle, for example. And if two spaces have differ-
ent Euler numbers, then we know that they cannot be homeomorphic, as the
following theorem shows.

Theorem 155 If two spaces are homeomorphic, then they have the same Euler
characteristic.

Example 156 If we take a circle, then no matter how many 0-cells we have,
there will be a 1-cell between each adjacent pair, so there will be the same number
of 1-cells as 0-cells, giving an Euler number of 0.
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In fact, even the spaces are not homeomorphic but are simply homotopy
equivalent, then the result is still true, but this is harder to prove:

Theorem 157 If two spaces are homotopy equivalent, then they have the same
Euler characteristic.

For ‘nice’ cellular spaces of dimension 2 (i.e. only involving 0-cells, 1-cells
and 2-cells), the Euler number is almost good enough to tell whether or not
two such ‘surfaces’ are the same or not. The only extra thing we need is to
know whether or not the surface is ‘orientable’. This is akin to the notion of
handed-ness, and is analogous to the following. Certain letters can be written
forwards, i.e. normally, or backwards. For example, E and ∃ are the forwards
and backwards versions of E. So E can be oriented in the normal direction, or
the opposite direction. On the other hand, A looks the same either way, so is
not orientable in this sense.

To define a similar notion for surfaces, imagine drawing a cross at one point
on the surface, labelled with the compass points N , E, S, W in the usual
order. Around that point, there is a neighbourhood homeomorphic to R2, and
we can imagine moving the cross within R2, by translations or rotations. If
we move it far enough, we will reach the overlap of the first neighbourhood
with a neighbourhood around another point. In this way, we can move our
cross around the surface, still using only translations and rotations. If it is the
case that, however we move it around, the compass points always remain the
same order, i.e. N , E, S, W running clockwise, then the surface is said to be
orientable. If, on the other hand, there is some combination of translations
and rotations that can alter the order of the compass points, then the surface is
said to be non-orientable. The simplest example of a non-orientable surface
is the Möbius band. If we take the compass and move it once around the band,
then this has the effect of flipping it vertically, so the compass points will now
be S, E, N , W , so the sequence N , E, S, W now runs anti-clockwise.

Theorem 158 (Classification of Surfaces) If S, T are two orientable sur-
faces with the same Euler number, then S and T are homeomorphic.

If S, T are two non-orientable surfaces with the same Euler number, then S
and T are homeomorphic.

61


