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Time-Dependent States in One
Dimension

So far we have considered only eigenstates.

Quantum systems generally "live" in superpositions of eigenstates.

What is the relationship between these superpositions and a classical
particle?

The de Broglie waves interfere constructively and destructively to form
packet that represents a particle, a "wave packet".

1.1 Quantum Representation of Particles—Wave
Packets

Because the TISE is a linear differential equation the wave function for
any state may be written as a linear combination of eigenstates with the
appropriate exponential time dependences.

Such an expansion is not limited to bound states.

In fact, particles need not be bound by any potential energy function.

We may use free particle eigenfunctions as a basis set to represent a
particle, the k-states discussed above.

The framework for this superposition of k-states already exists.

It is the Fourier integrals which, including the time, are

1 [ ;
\I/(x,t)—\/—z_ﬂ_/ A(k,t) e dk

where A (k) is the amplitude of the kth component of the wave packet.
The factor 1/4/27 is inserted for convenience.

Because we know the time dependence of the free particle eigenfunctions
to be e "E/" we write

U (2,t) = \/% /_ O;A(k) [ctkremimeran] g (L.1)

where we have replaced the free particle energy with
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ii 1. Time-Dependent States in One Dimension

Return to the question of the actual speed of the particle that our packet
is to represent. Write Equation 1.1 by substituting the £ = hw

U (z,t) = \/% / A (k) eilkz—wt) g1,

The wave frequency w is, in general, a function of the wave number k. If it
is assumed that w is slowly varying and expand it in a Taylor series about
some arbitrary value of k = kg for which w = wg we have

w (k) ~ wo + (Z—‘Z)k_k (k — ko) + ...

which, when inserted in Equation 7?7, gives

U (z,t) = \/%eiko(wfwot/ko) / A (k) exp {Z |:’E — (CCil_C/:) t] (k— ko)} dk
—0o0 k=ko

(1.2)

From Equation 1.2 it can be seen that the wave function U (z,t) represents

a plane wave propagating with velocity that is reshaped by the integral
that multiplies it. The phase velocity is not the particle velocity.

The velocity of the centroid of the packet, called the group velocity,

moves with constant velocity and, for a free particle of wave number ko, is

given by
by = (%
s Ak ) j—rq

- L (5]
dk \2m J |} _p.
ko

m
Po
m

which is, indeed, the classical particle velocity.

Because the expansion of ¥ (z,¢) in Equation 1.1 is an expansion on free
particle wave functions, the energy is simply the free particle energy, the
kinetic energy of a particle of momentum p = hk, that is, p?/2m. We may
therefore replace w in Equation 1.1 using

E = hw
= p*/2m
h2E?/2m
so that ) -
U(2,t) = —— [ A(k)ehmethnt/m) gy 1.3
@ =—=[ am (1.3
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Relationship between the two functions, v (z,t=0)
and 4 (k).
The Fourier integral at ¢ = 0 is [using the notation ¥ (z,0) = v (z)]

1 > ikx

The function 1 (z) is the Fourier transform of A (k) while A (k) is the
Fourier transform of v (x):

Alk) = \/% l T g (@) ety (1.5)

We may also write an expression for A (k,t). It is

1 > .
— U (z,t) e dg
=/ v
1 > —ikx —ik?h m
= E/ O () e~k tkTht/(2m) gy (1.6)

Ak, )

where e~ e=k*1t/(2m) a1 the momentum space eigenfunctions.

Notice the symmetry between Equations 1.3 and 1.6.

¥ () is the wave function in what referred to as coordinate space.

A (k) is the wave function in k-space (momentum space)

Rather than writing the Fourier transform of ¢ (z) in terms of wave
number k and A (k) it is often useful to write it in terms of the momentum

p and the momentum wave function ¢ (p) defined as

1
¢(p) = EAUC)
= \/%L[ P (x) e P/ My (1.7)

1 <, ;
d (p,t) = \/ﬁ/ e~ wu/h =it/ (2mh) gy (1.8)

¢ (p) is also a wave function in momentum space. Inserting the A (k) =
Ve (p) into Equation 1.4 we obtain 1 (z) in terms of ¢ (p):

and

_ 1 * eipr/,
V)= = / o) ey (19)

The symmetry between Equations 1.7 and 1.9 makes clear the reason for
the factor of 1/v/f in the defining relation between A (k) and ¢ (p). Rewrite
Equation 1.3 in terms of the momentum we have

1 [ . :
V(o t) = —= / & (p) e/ M "/ 2mh) gy (1.10)
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1.1.1 The Dirac 6-function

Replace ¢ (k) in Equation 1.4 with Equation 1.5 and interchange the order
of integration:

/_ O:O Wb (2) da’ [% /_ o; eik(z_””/)dk}

where 7/ is a dummy variable. The quantity in square brackets is defined
to be the d-function. It depends only on (z — 2’) because the k integrates
out.

By definition

1 [~ . /
d(z—2')= / eth(z=2") g, (1.11)
o2

Now, the integral in Equation 1.11 is undefined as can be seen by con-
verting the exponential to sines and cosines. What then is its meaning?
In fact, the name §-"function" is not proper. Mathematicians refer to such
an entity as a distribution. No matter! We must use it in the context of its
properties and its usage in quantum mechanics. In terms of the J-function
Equation 77 is

x) = /_OO §(x—2a')y (2")da’ (1.12)

This equation illustrates one of the most important properties of the J-
function, the sifting property. According to this equation § (x — ') sifts
out the value of 9 (2') at @' = z and replaces the entire integral with
Y (2 = z).

The properties of the d-function are usually listed in terms of some ar-
bitrary function f (x) and a constant.

TABLE 1.1. Some properties of the Dirac delta-functions.

Mathematical operation Name
f(zo) = f d(x —mo) f () dx | Sifting property
d(—x) = ( ) Parity: even (if zo = 0)
[Z 0(x—m) =1 Normalization
6 (ax) = (1/al]) 0 (x) None

1.2 Motion of a Wave Packet

To create the initial conditions, we imagine a particle that is initially sub-
jected to a harmonic oscillator potential.



1. Time-Dependent States in One Dimension v

fx) A

—

Xo

FIGURE 1.1. Schematic illustration of a the function ¢ (x — xo). It is zero every-
where except at © = xo at which point it is infinitely high, but has zero width.
Nonetheless, (believe it or not) the area under this spike is unity.

At ¢ = 0 the motion is described by a momentum wave function ® (p, 0)
and a coordinate wave function ¥ (z,0) that are Fourier transforms of each
other.

They are each Gaussians, but not the ground state of a harmonic oscil-
lator.

Physically, we may imagine the particle is attached to a spring and oscil-
lating, but not in any eigenstate of the harmonic oscillator Hamiltonian.

Investigate the fate of the packet under three different circum-
stances.

e Case I. The spring is cut and nothing is done thereafter (it is a free
packet/particle).

e Case II. The spring is cut and a constant field is turned on at ¢ = 0.

e (Case III. Nothing is done. That is, the packet remains under the
influence of the spring.

The wave functions are Fourier transforms of each other and are given
by

U (,0) = WI—*/Ze—ﬂz(“i—mz/? giPor/h (1.13)

and

1 2 252 :
— = —(p=p0)?/2B8°h*  —ipzo/h
D (p,0) 71_1/4\/%6 e (1.14)
where we have used the constant § (rather than «) to emphasize that
the system is not in an eigenstate. It is easily shown that for these wave

packets Azg =1/ (\/56) and Apy = Bh/+/2. We may therefore write the
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wave functions at ¢ = 0 in terms of the uncertainties Azy and Apy:

1 1 —(z—w0)? /422 ipox/h

U(2,0) = (21/4\/A—a:0)6 (w=wo)" /445 . ipor/h—(1.15)
1 1 2 2L

®(p,0) = al/4 (21/4 /_Apo)e (p=po)”/4800 . g=ipro/h (1.16)

Equations 1.15 and 1.16 illustrate an important property of Fourier trans-
forms of Gaussian wave packets. Their uncertainties are equal in the sense
that they occur in precisely the same form in each ¥ (z,0) and @ (p,0). An
alternative way of saying this is that if (z — z¢) and (p — pg) are measured
in units of their respective uncertainties, then the functions have decreased
by the same amount. For example, if (x — x¢) = 2Az, then ¥ (z,0) has
decreased by one e-fold. In order for ® (p,0) to decrease by one e-fold
requires (p — po) = 2Ap.

It is actually more useful to have the absolute squares of ¥ (z,0) and
® (p,0) in terms of Axy and Apy.

1 1 2 o2

| (2,0)] = —=(-—]e (@720)7/24% (1.17)
V21 Az
1 1 2 o A2

@ (p,0))7 = —= (5= )e PP /2Am (1.18)
V21 \ Apo

In what follows we wish to find the time dependence of the uncertainties.
Inserting the time dependences into the last two equations we have

1 1 2 2

W (z,8))]° = —= (= ]e (z-m0)7/20e(0)] (1.19)
2 Aw(t)
1 1 2 2

|<I>(p,t)|2 - e~ (P—p0)*/2[Ap(t)] (1.20)
V2r \Ap(t)

1.2.1 Case I. The Free Packet/Particle

Cut the spring at a time such that g = 0. The packet will then have
nonzero average momentum py. The Gaussian packet in momentum space
at t = 0 is therefore
]. 2 232
D (p,0) = ——m=e (PTPO) /267 1.21
0.0 = i (1.21)
Let us first ask what we expect.
We expect the packet to propagate in the direction of pg, +z or —z.
We also expect the packet to change shape.
Being a free particle there can be no change in the momentum so that
the initial spread in momentum Ap cannot change in time.
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First we will find the wave function in coordinate space ¥ (x,t). Inserting
® (p,0) = ¢ (p) in Equation 1.10 we have

1 1 > 2 2.2\ . o
U(r,t) = ———F7——= e—(P—PO) /(2/3 h )ezpr/hefzp t/(2mh)d
@) == | p
(1.22)
After some algebra we arrive at
1 1 (z — pot/m)*
U (z,t)]* = _
¥ (@)l V2 1242 P ong? (14 h?t?
z e
Azoy[1+ 74m2Am3 0 4m? Az}
(1.23)
Because = and ¢ occur in the combination x — vt, the probability packet
travels with group velocity vy = po/m = (p) /m, the classical particle
velocity.

Comparing Equation 7?7 with Equation 1.19, we see that the uncertainty
as a function of time is given by

A () = Ao 1+( i )2 (1.24)

2Az¢m

so that, in terms of Az (t), Equation 1.23 may be written more compactly

as
2 1 1 (z — pot/m)*
@O = =R m eXp{ [ 27z (1) ]} (1.25)

It is seen that, in coordinate space, the packet spreads as it moves along.

On the other hand, this is a free particle so Ap must be independent of
time.

Because the only time dependence in the momentum wave function is in
the imaginary exponent, the time will not appear in the integrand of either
() or (p).

The time appears in Az because x and z? must be changed to their
momentum notation, derivatives, which operate on the time-dependent part
of the imaginary exponent.

The uncertainty product AxzAp, while initially its minimum value, grows
with time.

The amplitude of the probability density decreases as indicated by the
preexponential factor.

1.2.2 Case II. The Packet/Particle Subjected to a Constant
Field

At ¢ = 0 the Gaussian packet is subjected to a constant force (.
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H<L<lk

/

FIGURE 1.2. A free Gaussian wave packet shown at three different times. Note
that the width of the packet increases in time, but the area under the curve
remains constant.

How could such a situation arise? If the particle of mass m carries an
electrical charge and if it is in a region of constant electric field, then the
force is the product of the charge and the electric field.

It would also occur if a particle oscillating on a hanging spring were
suddenly set free by cutting the spring. After cutting the spring the particle
is subjected to the constant gravitational force.

Without specifying the origin of the force we may write the potential as

U(z)=—pzr; —00<x<00 (1.26)

To simplify the mathematics we take the Gaussian packet to be one for
which the average momentum and average displacement are zero. In mo-
mentum space the initial packet is described by

® (p,0) —p*/2800 (1.27)

1
= ———c¢
wl/4\/Bh
The TDSE with the potential energy of Equation 1.26 can be solved ex-
actly in coordinate space (see Section ??), but for the present purpose it is

convenient to write the TDSE in momentum space. Using Equation 77 to
replace  — (ih) 8/0p in the TDSE with a linear potential, we have

2

2m Op ot (1.28)

This partial differential equation may be solved by making the substitution

®(p,t) =0 (p') f(p) where p'=p— ot (1.29)



1. Time-Dependent States in One Dimension ix

which leads to a differential equation for the function f (p)

f (p) ~ p?
the solution to which is
£ ) = exp (—2 (131)
p) = exp 6mhep '
so that
S(p.t) = 0 (p— gtyexp [~ (1.32)
p1) =6 (p—t)exp { — o :

where © (p — ¢t) is any function of (p — ¢t) (see Problem ?7?). Initial
conditions fix © (p — ¢t).

To determine the O (p — pt) that corresponds to the wave packet in
Equation 1.27 we set t = 0 in Equation 1.32 and equate the result to
the wave function representing the initial Gaussian wave packet, Equation
1.27. This permits determination of © (p) which can immediately be con-
verted to © (p — pt) because this function can contain p and ¢ in only the
combination (p — ¢t) (see Problem ?7). We obtain

1 (p—pt)® i(p—et)
@(p@t)—<ﬂ_1/4—\/ﬁ)exp < p25;22 + Igimﬁ(fp ) (1.33)

Substituting Equation 1.33 into Equation 1.32 we obtain the time-dependent
wave function in momentum space for a Gaussian wave packet:

(1 (p— pt)’ [ (p—pt)’ =1
2.t = (w/T/ﬁ) o (‘W) P [ (Wﬂ
(1.34)

and the probability density in momentum space is

N2
900 = (7 e l—@ﬁ—fft)] (1.35)
or in terms of Apy = Bh/\/2
| (p,t)|* = (\/Q—%Ap() exp l—%l (1.36)

Comparing Equation 1.35 with Equation 1.20 reveals that

Ap (t) = Apo (1.37)
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which contains no time dependence. Thus, as for the free particle Gaussian
wave packet, this packet does not spread in momentum. Why is this?
After all, there is a force applied. The force is, however, constant so all
momentum components are affected equally. The packet moves as a unit
in momentum space, but it does not spread.
It is straightforward to extract the time-dependent expectation values
(x (t)) and (p(t)) (see Problem ??). We obtain
pt”
(@) =5~ and (p(t)) =t (1.38)
m
both of which are consistent with the Ehrenfest equations. Note that (z (¢))
has the familiar t?> dependence of any particle under the influence of a
constant force because, by Newton’s second law, the acceleration is ¢/m.
The expectation value of the momentum is indeed Newton’s second law
because the force is the time rate of change of the (average) momentum.
Consider now the uncertainty in position Az (t). We already know (x (¢))

so one method of obtaining Az () is to compute <x (t)2> using the momen-

tum space wave function, Equation 1.34, and replacing =2 in the integral
with h%d?/dp?. Alternatively, we could obtain W (z,t) by performing a
Fourier transform on the momentum wave function, squaring, and iden-
tifying Az (t) by comparing with Equation 1.19. The Fourier transform
yields

V()= = gexp {% (x - g_i)] exp {_ [ —(9222///6(22)@}2}

(1.39)
where, defining to = m/ (ﬁﬂQ) as in Equation 77,
it m 2m , 4
The probability density in coordinate space is then
2
1 1 —pt?/ (2
W (z,8)° = == er{- o —¢ 2/(27")} (1.41)
" \VhP /8 GES
Comparing Equation 1.41 with Equation 1.19 we see that
2 W|2
20z (t)? = (1.42)

=

so that in terms of Az (t) we have

S NG U W B A0
|W (z,1)] _\/%<A:c(t)>e p{ 20 1) } (1.43)
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where, recalling that Azg =1/ (\/iﬁ)

£2\ /2

Az (t) = Axg (1 + %) (1.44)

which is identical to Equation 1.24, again a consequence of the constant
force being applied.

1.2.3 Case III. The Packet/Particle Subjected to a Harmonic
Oscillator Potential

Assume that we have a Gaussian wave packet that is a linear superposition
of harmonic oscillator eigenstates and that ¥ (z,0) is known.
Choose an initial wave function of the form

U (2,0) = Wl—\//o_jle—a%-wof/? (1.45)
where here « = \/mw/h, the same constant that appears in the eigen-
functions of the harmonic oscillator.

The nonzero average displacement assures us that Equation 1.45 is not
an eigenfunction of the harmonic oscillator Hamiltonian. Of course, it may
be expanded upon the complete set of harmonic oscillator eigenfunctions.

This is a Gaussian distribution with average displacement xy and zero
initial momentum.

Classically this is equivalent to pulling the particle to x = x¢ and releas-
ing it with no initial momentum. Such a state is sometimes referred to as
a displaced ground state.

Remember, the particle remains under the influence of the potential en-
ergy U (z) = 1ka?.

Our goal is to find the function ¥ (z,t) so that we may determine the
time dependence of the probability distribution |¥ (z, ¢)|°.

No need to determine the momentum space wave function so we do not
require any Fourier transforms.

Expanding ¥ (z,t) on the complete set of harmonic oscillator eigenfunc-
tions 9, (z) e~ HEn/Mt we have

U (x,t) = Z ant),, (z) e 1 En/ht (1.46)
n=1

To find the a,, we have to multiply both sides by ¥ (x,0), Equation 1.45.
In this particular case, however, there is an easier way using the gener-
ating function for the Hermite polynomials.
For the Hermite polynomials the generating function is

eQMf—M2 — f:Hn (5) Mn (147>

n!
n=0
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Using the scaled distance £ = ax the initial packet is

¥ (€,0) = 1£/4 (e—£0)?/2

Letting £, = 2p so that

roe2
¥ (0) = Wl—\/iexp —%—5—2%—2,12}
- 2
= \{iexp %’u2+2“§’u2:|
C 2
- e _<%+“ 2)}'“@(2#6—#&2) (1.48)

The last term is just the generating function of the Hermite polynomials!
We may therefore replace it using Equation 1.47:

w60 = o[- ()| O

n!
n=0

= ﬂe_“2 3 'u—n {e_gz/zﬂn (5)} (1.49)

The terms in the brackets in Equation 1.49 are the harmonic oscillator
eigenfunctions.

Comparing Equation 1.49 with Equation 1.46 at ¢ = 0 we see that we
have "accidentally" calculated the expansion coefficients, the a,.

To include the time in the wave function multiply each harmonic oscil-
lator eigenfunction in the summation by the appropriate exponential.

a e w2 . 1
V(g t) = 71_1—\//_4@ K ZF {e €/2H, (f)}exp [—z <n+§> wt}
n=0
_ \/aef;L?efiwt/QZ% {6752/21-{" (é-)}efinwt
n=0

/4

Removing e~¢/2 from the summation and regrouping the terms we have

o [

—zwt)

H, (5)] (1.50)

The summation is the generating function for the Hermite polynomials

with p — pe™™? as is easily seen from Equation 1.47. That is,
0 H, e—iwt n ) ,
Z (g) (M' ) = exp [2£Me—zwt _ (Me—zwt)Q]
n!

n=0
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After substituting p = £,/2, Equation 1.50 becomes

2 2 2
(57 ) _ \{ie iwt/2 exp [ (% + %0)] - exp {ﬁoﬁem - %Eint]

In terms of sines and cosines, we have

U (gt) = \{/_4 it/ oxp { <£ + = fo (14 cos2wt) — 2£,€ coswtﬂ

X exp {2 (50 sin 2wt — 2£0§smwt>} (1.51)

and the time-dependent probability density is

|\IJ(§,t)\2 = %exp{ [5 + = 50 (1+Cos2wt)—2§0§coswt}}
= % exp [— €-¢, coswt)Q] (1.52)
In terms of the coordinate x,

W (z,t))* = 2 exp [—Oz2 (x — x0 coswt)Q] (1.53)

N

Equation 1.53 shows that the wave packet oscillates about = = 0 so the
expectation value of position as a function of time is

(x (t)) = xo coswt (1.54)

Comparison with Equation 1.19 shows that the uncertainty in position
is

1
\/§oz

which is time-independent. The packet oscillates without any change in
shape!

Az (t) = = Axg (1.55)
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FIGURE 1.3. A Gaussian wave packet under the influence of a harmonic oscillator
potential shown at three different times. Note that the shape of the packet does
not change.



