The MaxEnt (Best Guess) Machine

Many useful thermodynamic results can be obtained from a knowledge of "number of accessible states’ () as a function of work
parameters like energy E, volume V, and number of atoms N. These include, for example, the law of equipartition for quadratic
systems, the equation of state for an ideal gas, and the law of mass action for tracking chemical reaction equilibria. Thisnoteis
designed to move beyond those results to cases (Gibbs called them ensembles) for which one has information about "expected
averages'. That information can be used to modify the assignment of equal a priori probabilities beyond simple maximization of S
= kLog[€] in the microcanonical ensemble. Our notation here also treats energy as but one of many possible constraints in the
statistical inference problem, so the results won't be restricted to their usual thermodynamicusein the study of heat.

One first writes entropy in terms of probabilities by defining for each probability a “surprisal" 5 = kLog[%], in units of { bits, nats,
hartleys, JK} if k is respectively: {@ 1, ﬁ, 1.38x1072%). Then entropy, i.e. the average value of this surprisal, becomes
S = kLog[Q2] when the p; are dl equal. Note: HereLog[] refersto the natural and not the base-10 log. Theserelations translate
seamlessly to continuous distributions for classical calculation (cf. Chapter 2 of Plischke and Bergersen) and density matrices for
QM application (cf. Jaynesin Phys Rev 108 (1956) 171).

The problem

Our jobis to maximize average surprisal Swhen all Q) accessible states are not equally probable...
S S @ S; @ 1
—=(—)= P — = i Log| — 1
=~ (=) ile. > ;p' g[pi} (1)
...subject to the usual normalization requirement that the probabilitiesadd to 1, i.e. that...

).pi=1, (2)
i=1

aong with the "expected average" constraints which for the rth of R constraints might take the form...

Q
E = (e =) pien, vre{l R (3)

i=1

The solution

The Lagrange method of undetermined multiplierstells us that the solution for theith of Q probabilitiesis smply...
1 R :
pi = Ze*Z:”’e” , Vi e {1, o}, (4)

where partition function Z (akind of "constrained multiplicity") is defined to normalize probabilities as...

Q
Z = Z e’ZF:l)\' €ri ) ( 5)

i=1
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Here A, isthe Lagrange (or ~"heat") multiplier for the rth constraint, and g; is the value of the rth parameter when the systemisin
the ith accessible state. For example, when E; is the energy E, A; is often written as % Values for these multipliers can be

calculated by substituting the two equations above back into the constraint equations (2) and (3), or from the differential relations
derived below.

A few “big picture” quantitites

Theresulting entropy (maximized with constraints) is...
S R
- Log[Z] + ) A E:. (6)
r=1
We can rearrange this expression (following Gibbs) by defining the dimensionless availability in natural units as...
R S
A= Log[Z],;/\r E % (7)

This quantity was minimized without constraint, and serves as common numerator for one dimensioned availability for each
extensivevariable E;, namely A, = A/ A,. For example, the "energy availability" is Helmholtz freeenergy E-TS, if R=1 and E; is
aconstraint on energy E. These dimensioned availabilities have also been minimized for a given value of their corresponding heat
multiplier A;, assuming of coursethat the g; coefficientsare held constant themselves (cf. Betts and Turner p.46).

Familiar ensemble contextsfor this calculation include the Microcanonical Ensemble (R=0 so that Z=S/k), the Canonical Ensem-
ble (R=1 and E; is energy E so that A; = 1/KT and A.=E-TS), the Pressure Ensemble (R=2 with E; energy, 1; = /KT, E, volume,
A,=P/KT, and A= E+PV-TS=Gibbs Free Energy), and the Grand Canonical Ensemble (same as pressure except that E,=N, A,=

-u/KT,and A, = E - uN - TS= Q4 = The Grand Potential).

Thereis much moreto go, as the process of transcribing and synthesizing disparate notes continues. Along the way, | suspect that
a better understanding of the validity and limits of ~“altered looks" at heat (and other) capacities, as bits of information lost per two-
fold increase in the corresponding extensivevariable or it's Lagrange multipler, will emerge (Amer J Phys 71:1142-1151).

Internal Work, Heat, and Irreversibility

Values of the g4, which represent the values of parameter r associated with the ith aternative state, are often not themselves
constant but instead depend on the value of a set of ““work parameters’ X.,, for values of m between 1 and M. For examplein the
Canonical Ensemble case, the energies of the various allowed states may depend on volumeV or particle number N. In that case
we can definework-typesfor each constraint r in terms of the rate at which E, changeswith X, as follows...

M o] = M @ O Pi oerj
~6W = 5Xm | - = - > 6Xn e — i , Yvr 1, R 8
W mzl ( axm]xsw, le izl( axe P o sth R (8)

Note that the various ““work increments® 6W, have the same units as the constrained parameters E; to which they correspond.
Also, we have |eft open the possibility that changesin X, may alter probabilities directly, e.g. by making new volume available for
free expansion, rather than simply viatheir effect on the state parameters g;. As we will show, this allows us to mathematically
incorporate irreversible” changes in entropy by averaging this term over all work parameters and all constraints...

5Sirr R M o dpi
=5 A > Xm > eri (—) . (9)
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If we further define “heat increments' 6Q, of therth typeas...

5Q i iéx (dp‘
= e . _
i=1 " u=1 r day

we can then obtain from the definitions above a couple of familiar differential relationships...

] , vre{l, R}, (10)
ASiLlixlﬂ
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Although these relationships are familiar as forms of the first and second laws of thermodynamics, respectively, for the case when
R=1 and E; is energy, note that they don't yet contain any physics. The familiar physics applies only if we postulate that E,
represents a conserved quantity in transfers between systems, and that 6S;;, can only increasein time.

Partials, and symmetry between ensembles

Since different thermodynamic ~“ensembles" often switch the status of a given extensive variable from constraint E, to work
parameter X, the symmetry of the equations with respect to these quantities can be better seen if we defineM ““work multipliers”
Jm, analogous to the R ““heat multipliers' A,, as averages over all constraints E, of the rate at which the e; depend on the work
parameters to which they correspond, i.e.

R Q deri
Jm:ZA, Zpi (_ ) , vme {1, M) (13)
r=1 i=1 dxm Xsem Ar
Then we can also write...
M 68 R 6Sirr R R
JmdXm= — - Ar O = Ar SW = 6Log [Z E 6. 14
n; m 5Xm K rZ‘l r r K ‘*'; r OW gl ]+r21 r r ( )

Equivalently, therefore, we gain the following increment (hence partial derivative) relationships for entropy and availability...

68 M R
" ZJméXm+ Z/\r SE,
m=1 r=1

0S/k (15)
:>{Jm: <W)xw,a’
Ar = <665E/rk)Esﬂ’Xm}'
M R
sLog[Z] = ZJmeXm— ZEr SAr
m=1 r=1
3 oLog[Z] oA (16)
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These partial derivativerelationships can be quite useful. For example, if E; is energy E then uncertainty slope 6 S/6E at constant
V and N is 1;=1/KT. Also notethat for the special case when S, E; and X, are extensivevariables (i.e. size proportiona) that the
first of these relationships (cf. page 46 of Betts and Turner) yieldsthe Gibbs-Duhem relation:

S M R
== InXn+ ) N E. (17)
m=1 r=1

In this case, given S as a function of M+R variables, one might then conjecturethis larger collection of partial derivativerelation-
ships...

Eo= (55 = (55,2 () = (5, (18)
ao= () = (5 = (&) = (&), (19)
Xm= (S )y = (G = (5 = () (20)
In= (%) = (%) =-(5%) =-(5%). (21)

Here we've adopted a short hand notation for constraints, where c = AX (the default) refersto ““ensemble constraints" (control
parameters held constant), ® = EX refersto “"no-work constraints' (extensivevariables held constant), > = EJ means that depen-
dent variables only are constant, and Y=AJ refersto ~“multiplier constraints” (intensive variables held constant), where here | etter
pairs denote which variable familiesfromthe set { E;, A;, X, Jm} areinvolved.

For irreversiblechanges, we can also write...

5S| re

ZJ X — Z)“ S5W (22)

Fluctuation Constraints

The solution above also gives rise to some very powerful and general relationships between the size of fluctuationsin constrained
quantities (like energy E) and their rate of change with respect to the Lagrange multipliers (e.g. the specific heat, which of courseis
simply related to the rate at which uncertainty slope /KT changes with E).

First, notethat = pi(E — &) Vie{l Q). Using this, onecan show that...
R
op; = O\
p| ; r Z dexm

(23)

S dp;
= Pi SAr (Er —€ri) + 5Xm —
2, 2

From this it follows quite generally that the cross variance between parameters r and s is minus the partial derivative of E, with
respect to As where the partial istaken for al A,.5 constant, i.e.

0%k E = (€r €s) — (€r) (Es)
<2§>Axm:_(gss>xxm (24)

82A
7(ax,axs)aw,xm' vr, se{l, R}.

The latter equality gives rise to the Onsager reciprocity relations of non-equilibrium thermodynamics. For the specia case when
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r=s, the above expression also fixesthe variance (standard deviation squared) of r as
Ce /k
A2

2 _ (oK
Of = (a},

)zw,xm: , Vr e {1, R}. (25)
The Cg, on the right hand side of this equation is the "differential E -capacity” (e.g. the differential heat capacity when E; is
energy) under ensemble constraints (i.e. for constant Ag,, and Xp,). Since the left hand side of this equation seems likely to be
positive, the equation saysthat, for example, temperatureis likely to increase with increasing energy. Thisturns out to be true even
for systems like spin systems which exhibit negative absol ute temperatures, provided we recognizethat negative absolute tempera-
tures arein fact higher than positive absolute temperaturesi.e. that the relative size of temperatures must be determined from their
reciprocal (1/KT) ordering. Conversely, it says that when heat capacity is singular (e.g. durng a first order phase change), the
fluctuation spectrum will experiencea spike as well.

The aboverelation also prompts a closer look at the " ensemble multiplicity exponent for E"...

)y (26)
...and the ““ensemble multiplicity exponent for A, "...
2 (2R
B _)kf ( OdSE/’k ))‘s+rv Xm ( 25: >)‘s+rrxm
(27)
(%)
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One can see here that mixed constraints are involved, making the relationships messy at best. The solution, discussed below,
involvesdefining *“no-work multiplicity exponents" instead.

Perhaps a similar relationship for fluctuations (not proven here) also exists for the work multipliers Jp,, i.€. ...

2 _ (% _ (9
O Jndy = (@xm Xeam Ar - ( AXn )XSM' Ar (28)
_ 52A
B (@xmaxn)xsimnm’ vmoned{l, M.
... and for other control variable (J, A,) combinations...
2 _ 8Jm B oF;
O ImAr =7 (az,)xm}w _7(axm)xsmjr (29)
29

:( O2A , vme {1, M}, r e {1, R}.

X Oy ) XssmAs ¢

Partition Function, Availability Slope, and Multiplicity Exponent Insights

The utility of knowing the partition function Z, or equivaently the dimensionless availability A=-Log[Z], emerges from these
equationsas well. This quantity has long been discussed in the literature as a generalization of freeenergy. I'm guessing that we'll
be able to show that it determines the direction that conserved extensive quantities are likely to flow when random exchangeis

alowed under ensemble constraints, although that remains to be done. It is easy to seethat it reducesto E in the microcanonical

case, when all control variables are extensive quantities. Although A is here cast in natural units, one can easily define A=A'/k,
the latter of which may take any units that entropy takes. Many macroscopic quantities can easily be calculated in terms of it. For
example...
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E:—A+;A, (;A)A .

E = <§£>zw,m vre{l, R} (31)
Jmf_(%)xsm}r, vme {1, M} (32)
og? = —(S:Az)]xm vroe {1, R} (33)
0% E, :7(“?22%)1““,5%’ vr, se {1, R} (34)

Should the additional fluctuation relations above apply, we would also have (for example)...

2 7( %A

axmz)xmAr . vme {1, M (35)

Apropo our work on natural units for heat capacities, note also quite generally that...

B E o= (;}é))swxm: i (568E/rk>ESH’xm;§E(, vr e {l, R} (36)
I Xy = *Xm<§_>2n>xstm,x, = X (%)Xma = &x, VMe {1, M (37)
CE® =22 (SE)ES”'X(”: Y (%)wamz Ewr VI e {1, R} (38)
and perhaps the conjectured relation below, will follow as well...
CTW I () IS e vme (1M (40)

All of the quantities which definea & (" multiplicity exponent™) parameter represent the number of base-b units of entropy increase
per b-fold increase in the constrained quantity E; or it's Lagrange multiplier A,, under no-work conditions. These quantities can

oE,

also be thought of as “integral E,-capacities' A, E; and “differential E, capacities" —/\,2( o )ES# «

, respectively. Note that the

former aso provideinformation on base-b availability changes under ensemble constraints, per b-fold changein a given multiplier.
We argue elsewherethat these relationships provideinsight into both natural units for heat capacity, and its utility in non-quadratic
systems (e.g. those for which /KT makes more sense than kT).

Except for the entropy partials above which operate under no-work conditions (sometimes noted with ®), most if not all of the
above partials operate under ~“ensemble conditions”, i.e. with respect to X, hold constant Xs for s+ m, and A, for all r, while those
with respect to A, hold constant A for s+ r, and X, for all m. Thusin availability relations as in the chosen ensemble thought
experiment itself, the A, and X, serve as the “"control variables'. For example, microcanonical ensembles and availability relations
operate with external control of al work parameters. Canonical ensemble systems and availability relations operatein a tempera-
ture-controlled heat bath but with other work parameters fixed. Pressure ensemble systems (and availability relations) also have
their pressure rather than volume held constant, etc.
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Kullback-Leibler divergence or "net-surprisal”

KL divergenceof referenceprobability set { po} from a system state { p} is defined as the "net-surprisal”...

O
o
e = k> p) Log[—'_] > 0 by Gibbs|nequality. (42)

i=1 o]

From equations (4), (5) and (6) above, one can rewritethis (arXiv:physics/9611022) as ...

e (S So)
- = Ao(Br = Ep) - [———|= 0. 42
” > Ao b = (42)

Available Work: KL divergence of "ambient from actual”

Let'streat the referencestate as that of an ambient reservair, the system state as that of an unequilibrated subsystem with accessto
the reservoir, and the observables E; as quantities that are conserved on transfer between subsystem and ambient. The subsystem's
positive KL divergence or net-surprisal then becomes the entropy gained on transfer of excess subsystem observables E; to ambi-
ent, minus the entropy lost by the subsystem in the process (which is generaly less if the conditions encourage spontaneous flow).
Done reversibly, this entropy increase could make possible an entropy decrease somewhereelse. Hencethis measure of departure
from equilibrium is the subsystem's "availability in entropy units', as mentioned by J. W. Gibbs. Multiplied by ambient tempera-
ture (i.e. the reciprocal of energy's Lagrange multiplier), it yields the subsystem'’s available work or (in engineering terms) the
exergy difference between subsystem and ambient.

Mutual Information: KL divergence of "uncorrelated from correlated"

Now we turn to the question of correlated systems, i.e. those for which subsystem correl ations makes entropy a non-local and non-
extensive quantity. Thisis easy to see since given two subsystems with state indicesi and j, one writes the mutua information
fromequation (41) as...

AL Pij

Miz= k)" > pylog —|=Si+S-S220, (43)
i-1 j=1 Pi Pj

wherethe p; and p; are marginal probabilities defined e.g. by p; = Z?jl pij. From this expressionit's easy to show that the entropy

of thewhole system S;, = S + S, — M1,, where M, resides in neither system but instead in the correlation between the two. In

communications theory, clade analysis, and quantum computing the KL divergence of uncorrelated from correlated, in this sense,
can be used to measure the mutual information associated with fidelity, inheritance, and entanglement respectively. In studies of
evolving correlation-based complexity (a kind of natural history of invention), the mutual information of subsystem correlationsis
part of alarger story as well.
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Akaike Information Criterion: KL divergence of "model from reality"

In ecology and related fields, KL-divergenceof "model from reality” is useful even if the only clues we have about reality are some
experimental measurements, since it tells how to rank models against experimental data according to the residuals that they don't
account for. Specifically Akaike's criterion allows one to estimate the KL -divergenceof a model from reality, to within a constant
additive term, by a function (like the squares summed) of the deviations observed between data and the model's predictions.
Estimates of such divergence, for models that share the same additive term, can in turn be used to choose between models.

Layered mutuality: KL divergences in-out wrt/boundaries in a multiscale network

Theforegoing are applications which by and large work on onelevel of organization at atime. Chaisson's cosmic evolution, on the
other hand, can be seen as developments after neutral atom formation of sub-system correlations (i.e. mutual information) looking
inward and outward with respect to a layered series of physical boundaries. The formation of these subsystem correlationsfor the
most part has been powered by the reversible thermalization of energy in the form of available work (cf. Complexity 13:18-26) .
This yields an integrative (cross-disciplinary) view of these correlations, a fringe benefit of which might be an incentive for
communi cationsinformed simultaneously to correlationson morethan onelevel (cf. arXiv:physics/0603068).

Contact and Copyright Information

This note represents insights provided by numerous colleagues, and has benefited in particular from discussions with, and notes
provided by, the late E. T. Jaynes. The person responsible for mistakes (and to whom you can forward suggestions) is P. Fraundorf
in Physicsand Astronomy at UM-St. Louis (pfraundorf AT umsl.edu).
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