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Care making only clock-specific assertions about elapsed-time, and other “space-time smart" strategies from the perspective of a

selected inertial map-frame, open doots to an understanding of anyspeed motion wia application of the metric equation.
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Forward-Looking Introductions

Introductory texts tell students to specifir a coordinate
system whenever displacements are discussed. By asking
that the clock's frame of motion be specified whenever time
intervals are discussed, a habit 1z begun whach will be
nieeded to understand motion at high speeds,

For example, if we define a ““map" frame in which both
vardsticks and clocks reside, then velocity and acceleration
defined using only map distances atud times retain their
classical form. Interms of these “coordinate" quantities, the
classical equations of translational motion hsted m Figure 1
make well-defined predictions in space-tune. Infact, all
except four of these predictions are exact not only for low-
speed motion, bt for motion at any speed as welll

Position ? and time § are defined only with vardsticks and
clocks fixed with respect to an arbitrary, but specified, inertial
reference {or “'map™) frame.

Kinematic equations:

. : —¥ T
coordinate-velocity: v = £,
2.4

coordinate-acceleration: =

. . —
For constanl coordinate-acceleration a

Galileo’s velocity-time equation: ¥ — v, = dAl,
1.3 1 —*
Galileo’s velocity/distance equation: <v* — 5vi = a - Ax,

IJ:rna_mItaI eq_uath:-ns:

— — ; ;
Momentum|p = m ¥ _md energy E = —mv" + const. are
conserved in mechanical interactions. Their denvatives are
= |4 . i
force F = ﬂi—r = ma and power P = % = F.v,

‘Felnrcﬁ}' addition:
The velocity 1'_"]1 of object 3 relative to frame 2, at low speed

— _ —% — .~ —>

follows vy = wi3 + vy, i vy and w2 are wit frame 1,
1. 1: Clssical equations widtenwath vanables detmed mambiguonasly o
ary spead. Expressions acoutate only at speeds nmach less than hghtspeed
are bozxed. Inthese figures, the dfferential operator “d™ 15 used hike a™ A7
(which means fmal moois atiall, applied m partioalar to toy morsments.

There 1z a caveat. Bince these equations only concern
distanices and times measured from the vantage point of the
map, they say nofling about the experiences of the
accelerated object ot traveler. Iote on this later. The utility
of Fig. 1 for motion at any speed thus assumes that one
avoids making the assumption, lndden or othenwise, that
time passes sunilarly for everyones' clocks. Time elapsedis
clock-dependent, save to first order at low speeds.

It 15 also worthwhile to look at ofher implicit assumptions
of classical mechanics. Figure 2 lists many of the varables
famaliar from Newtoman physics, and asks the gquestion:
Which of these cquantities, wheti used to descrbe motion
between two sneezes of an airplane pilot (for example), did
mechatics clagsically assume are independent of one's
choice of reference (or map) frame?

Kinenmiic Parameters

coordinate increments:  Map-distance traveled Map-time elapsed

AX in [m] At in [£]
Coordinate-velocity

first derivatives:

—* = .
v = 2 in[F]

second derivatives: I-E'curﬂmu;a-:cd:ratmn
—* _ dv
a=‘"gm [T_i]
Invnamieal Parameters
motion integrals: Momentum Energy
F-_-m:r n [ke 3] E = -}.—m-,'1+mm:.l'. im [j]
dynammical quantities: Force Power

-+ 4 —, -
F=TFH_-mr1u1[N] P=%=F-r|n[wau]

Fignre 2: Cuartihies familiar inthe classical shady of motion. Chathined are
quantiies which are assumed (often onplic#tly) to be mdependert of one's
choice of map frame. For motion at safficiertby high speeds, howrever, rone
of the quartities listed here 15 at all mdependert of one’s frame of motion!

The answer is that distance betweet sneezes depends on
map-frame (e.g. the pilot thinks both sneezes ocowr at the
same place, namely the sirplanes' cabir), as does velocity
(sitice a map-frame moving with the pilot would see the piot
standing still). Momentum and energy obwiously depend on
velocity, and hetice on choice of map-frame as well.

Howewver, classical mecharics offern implicifly assumes that
elapsed titnes, observed accelerations, and applied forces are
the same for all map-frames. Some of the teachers polled at
tawro recent AAPT meetings also guessed tha the rate at
which energy increases 13 frame-independent classically,
Rate of energy change of course depends on frame, since it
ecuals force times velocity. Solet's be explicit: For studies
wvolving motion at speeds mach less than the speed of light,
of the quantities listed in Fig. 2 one can safely assume that
oty time-elapsed, observed acceleration, and applied force
depend wery little on one's choice of map-frame. For motion
studies involving speeds approaching lightspeed, all of the
guantities in Fig. 2 depend strongly on ones' choice of frame.

Forward-looking habits i the way introductory physics
students thunlk abowut time, as well as about how quartities
will look i one frame ot another, are important in at least
two ways. First, they will mimmize the thungs that students
goitg o i physics will have to wxlearn, like the use of time
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Minkowski®s space-time version of Pythagoras® theorem relates
clapsed traveler time d't to map-coordinate chanzes via the
metric equation: {t‘ift:l'j = (edt)” - I{.:i:}?. Hence map-clocks are
faster than traveler-clocks by the gamma-factor:

.# 1
T= =TT
Added Kinematic equations that result;
proper-velocity: w = "" = ¥¥,

proper of “traveler-frame" accelh'am:-n, i = ‘,,1 = via,
For constant proper-acceleration o
coordinate-time integral: w— w, = @A,
work-energy integral: ¢?(y — y.) = cix,
rapidity integral: ¢(n — n.) = aAr, where n = sinh™'[ 51
Dynamical equations:
Momentum p = mw ; energy E = ymc* |
variant force F = % = ma = F, (proper force)
and power P = 4% = Fy,
For relative speeds:
Velocities add, ¥'s multiply: ws; = yuva = Yoy v + v h

1z. 3: Equations anabgons to the classical equations, which for
unifirectional motion aw exact at ary speed. The “hon-definmg equalities™
complicate i motion 15 polrdivectional. Trareler-tome 15 ptmoduced using
the metric equatirm' as a space-time etension of Pythagoras” theorem
while, m the spirit of T. Bell’ and classic pedagogical traditinn we stick to
ore wferetoe frame with tstangible catesian map and extended away of
synchromized clocks. Frame-porarant proper-accekration® is weny sn'ﬂpl].r
expressable for midivechonal motion in cordest of a single map-fiame®.
Moie: Conparmg the rates of clocks (e z. when defoung v as a "speed of
map-tone"] requires that sinmltanedy, a property of the relatimship
betoreen everts that 15 srongly fame-dependert o high speeds, have
spectied meaing. Chore of a map-frane provides anunambigaoas
defintirm of smmalanetdy, nanely that experienced by map-frane
observers. However,the mlattre clock rates experienced by observers
movmg with respect to the map (like an accelerated traveler) will differ.

i1 a clock-independent matmer. These things ate crucialto a
solid understanding of both special relativity and curved
space-time. Second, as described below, such habits open
the door to a deeper and simpler understanding of space-time
for students with only one course in physics. This approach
atd plulosophy 1z consistent with the proposal by Edwrin
Taylor i lus 1995 AAPT Cersted MWedal talk, which
describes a way to provide deeper understanding with fewer
math prerequusites in a second physics course. Empowerning
studenits it a firsf cowrse with deeper phyrsical intution also
provides us with a sigmficantly better-informed taxpaying
atud cotsurting public.

Equations Good at Any Speed

Thus shaderts can be taught to be wary of assumptions
about frame invariance when talking about both times and
distatices, even as widirectional motion 15 mtroduced wa the
usual classical expressions. Mot presuming to understand
how traveler clocks behave at high speeds, they may
then be eager to learn more about velocity and acceleration
at aty speed, well before they are ready for mualti-frame"
relativity. This may be done by introducing the metric
equation as a space-titne extension of Pythagoras'
Theoremy, written so that travweler-time 15 the ivrariant, Thas
tells students most everytlung they need to know about
traveler time at high speeds. Howewvert, more soplusticated

use of this metric equation 1z needed bhefore students are
prepared to predict measurements with traveler yardsticks
at high speed as well. Of course, saying "don't go there"
could pigue their interest in further studies of relativity and
space-time geometry downstream.

Figure 3 introduces proper (or *traveles™) time with the
metric equation, followed by theee corollary variables
(gamma, proper velocity, and proper or felt” acceleration).
It then provides a set of equations, patterned after Fig 1,
which are exact for unidirectional motion at any speed.
There 1z a new integral of constart proper acceleration (the
so-called rapidity integral for proper time), and proper force
Fa(defined as mass times proper acceleration) has heen
listed separately from frame-vwariant force F, since for non-
urddirectional motion the teo differ.

Lastly, Figure 4 now considers frame-invariance at any
speed for the new variables as well as the varables
dizcussed clagsically in Figure 2. Hote that the new
variahles, which arose naturally from the relation for
traveler-time provided by the metric equation, include three
trae frame-inwariants: proper fime, proper acceleration, and
propet force. In a sense, then the varables whose frame-
idependence was lost in the first part of this paper have
been reborn in traly frame-invariant form, thanks to
Minkowskt's space-time extension of Pythagoras' theorem.

Kinematic Parameters

coordimie incremenis:  Map-dastance traveled Map-time elapsed Traveler-tirne elapsed

Ax in[h] A i f] At in [ty]

first devivatives:  Speed of map=time Coordmate-velocity Proper-velooty

7= & inl§] velim[§)] W= i)
appatsd derivatives: Coordinste-soceleration |":|'|:|-|J{‘r“3l?|?{“ bt
;-%m[%] l'.l::|||.[ ]
[ymamical Parameiers
medien integrals; hdcamentum Energy
—5 —F
P om W E w ymic?
ymamical quantities; Force Fower Proper:fonce
—8 Fr -
Fa=i Pe_Fay F,=ma

Figure 4: Camtties usefill mthe shady of motion at a1 speed, inchading
three cutlmed wariables whose vahie 1s pub sidepardarof one’s choxe of
map-frame!l For problemms at high speed on a bionan scale, corvrenierd unts
f'-:-rtnne are years [v] and traveler vears [br], while corpretiert wrnts for
distance are ightyears [br]. Inthis case coordinate-velooty has wmats of
Hghivears per map-year or“c”, while proper-reloeiy (which has no upper
L") 15 in Hghtraars per nuvshrymr Cme lighbyvear pertraveler-year
matks the transitionto high speed niceby (i comesponds to w2007, bt #
15 50 mntbersome to say that a mremonic (like “rodderberry™) may help.
Forexample, oar “land-speed record™ for m=0 ohjects is held by CEEN
alactions traveling at =1 F [Lrty]. Ancther advartage of ;ach units of
conarse 1s that, by happy comeldence, an accelkraton of 1 “me™ (somethms
wi knowr lomans can live with) is abontt 1 [leid'].

IDiscussion

For students who are pictonally-oriented (or egquation-shy),
a nomogram plotiing all wariables wersus distance traveled
from rest can be put together with these equations. To
tlustrate, Figure 5 allows graphical solution of constant
acceleration problems with almost any combination of
gt variables in range of the plot. As shown in the caption
to Fig. 6, for analpfical solution of problems the kinematic
equations can be compacted into two simple equality stringss.
Other problems with solutions, on-line solvers, a discover-it-
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yourself maze, and a compantion dertvation of the proper
acceleration equation in Fig. 3, may be found on web pages
linked to: httphanw e amsl edu/~fraundorfanyspeed html.
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Variables in constant (1+1)D acceleration

b . . . :
Constant Proper
Acceleration Nomogram
5 | TTM-StL Physics & Astronomy
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Figume &: An "arprspeed " constat acceleration nomogram. If distance 15 in lightyvears and tome movears, then 1 "gee" properaccelerations correspond to ol =

9 8" = 105 [0rA] = 1] Thas plotting a line up ficen the movber 2 on the horimmetal axis ahove allows one to detenmine, by spection, the following
results of a1 "zee" tip fom rest over a distance of 2[br]: fmal coordinate velocty (20 9 [beAr]), elapsed traveler tme (21 Tltv]), elapsed map tone (22 2], and
final proper veloethy (222 2[brfy]). The "chase-plane" parabala follows Galhilea's lowe-speed muvve (of, Fig. 1.
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What's the elapsed
-3 | time on earth?

-l-r—-'-‘f’?_)

Earth earth 56.46 years older and wiser.

Fiqure, 6 Amyzpeed kinematicz for unidirectional motion are eazily summarized by two equation

1
ztringz. Theze are the velocity converszions (1): v = Naranrh Wi+lwdc) = cosh[n] and the motion

1-jwie

St & P
integralz (&): o = Tl ﬂ—: = ¢ ﬁ . For the firzt of four legs of this trip. proper-ceceleration o = 1

hi.46
"qee" = 1.03 [ly/y] and #raveler-time efgpsed it = 4 - 14115 [ty]. Since speed =tart= at zero,

oL
from (21 raoidity Mem = AN = TT = 14,038, From (1), propervelocity wem = ¢ ‘\,Ircnsh[ﬂﬁ,.,.]z—l =

zinh[fam ] = 1.03%10° [ly/ty]. and from (2) map-+ime elapsed it = % = isinh[%] = 10% [¥].

Combining all 4 legs gives totd earth-time elap=ed on return of 4x10% years, even though the traveler
iz only BE.46 years longer in the toothl
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