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The temperaturd may be expressed as the rate of energy increase per unit increase in the state
uncertainty under no-work conditions. The consequences of such a choice for heat capacities are
explored. | show that the ratio of the total thermal enekgyo KT is the multiplicity exponent
(log—log derivative of the multiplicitywith respect to energy, as well as the number of Haseits

of mutual information that is lost about the state of the systembpeld increase in the thermal
energy. Similarly, the no-work heat capacdiy is the multiplicity exponent for temperature, making

Cy independent of the choice of the intensive parameter associated with éfoergyamplekT vs

1/KT) to within a constant, and explaining why its usefulness may go beyond the detection of
thermodynamic phase changes and quadratic mode00®American Association of Physics Teachers.
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[. INTRODUCTION per unit increase in the state uncertainty, and that heat ca-
pacities, that isd E/d T normally in joules per kelvin, may be
The adjective “deep” has been applied to simplifying ap- assigned information units as well.

proaches that offer both wider applicability and reduced al- What is the physical meaning of a heat capacity without
gorithmic Comp|exity: Minkowski’s approach to Specia] reference to tradltlonal temperature units? Bits of what? An
relativity via the metric equation is a classic example. Initial@nswer to this question does not appear to be common
impressions of it as “superfluous eruditioA”were later ~Knowledge, so we outline an answer here. The insight for
eclipsed by its uses in the development of general relativityStudents into the mechanism that underlies the utility of heat
in metric interpretation of other forcd&for example, string  caPacity in calculations involving thermal equilibrium might
theory, and in simplifying introductions to space—tirfie? better prepare them for applying the principles of statistical

Similarly, the insights of Shannéied Jaynes and othér’ inference to more complex systems, that is, to those not nec-
to clarify the distinction in thermal physics between “de- essarily at equilibrium.
scribing the dice” and “taking the best guess.” Conservation
of energy describes the dice by specifying that energy Ios&l' DESCRIBING THE DICE
from one system must appear in another. In contrast, the The dice of thermal physics are usually physical systems
zeroth law, along with the Boltzmann and Gibbs factors for acapable of accommodating thermal enefgg well as other
given system, are “dice-independent” tools of statistical quantities that may be conserved, like volume and parlicles
inference'® because they generally describe the role of thén a multiplicity of ways. This multiplicity is the key to un-
energy’s Lagrange multipliefreciprocal temperatuyavhen  derstanding, particularly if systems are seen from(thiero-
two systems are allowed to equilibrate under various concanonical vantage point of the conserved quantities. For ex-
straints, for example, at constant volume or constant premple, many gases, liquids, and solids behave over part of
sure. their temperature range as though the multipli€ityis pro-

This insight for example allows us to infer equipartition Portional toE*"/?, whereE is the thermal energy is the
and the ideal gas laas well as their range of validitfrom ~ number of molecules, andis the number of ways of storing
simple assumptions about the systems to which they dpply. the thermal energy per molecule. Such systems are called
The approach is becoming increasingly popular in underduadratic, because the proportionality results from a sum of

graduate textd~18as a way to increase student understandSduares relation betweel and the state coordinates in-

ing. It also bolsters physical intuition about matters involving VeIved in storing the energy.
the codes of biology and computer sciené8.The heart of
the approach is found in Shannon’s and Jayne’s observationd: TAKING THE BEST GUESS

that the physical entrop§ of classical and quantum statisti-  The application of gambling theory to physical systems
cal mechanics is a mathematical measure of statistical uncefregins with the question: Where might we expect to find a
tainty about the state of a system, most naturally expressed tbnserved quantit that has been randomly shared between
information units(like bits or byte$ rather than in historical systems for so long that prior information about the where-
units (for example, joules per kelvinThis interpretation has ahouts ofX is irrelevant? In the jargon of the field, this

paved the way to a formal connection between statisticayyestion is the same as asking: HovXidikely to be shared
uncertainty and physical entropy, for example, by consideragter equilibration?

ing increases in the uncertainty as decreases in the mutulgl

informatiorf* between a system and its environment. It then Why temperatures help

follows that temperaturéthe reciprocal of the no-work un-  The science of decision making in the presence of uncer-
certainty sloped SdE) is quantifiable in units of the energy tainty (that is, statistical inference or gambling thepsug-
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gests that the best bet is the distributiorXothat can happen entropy is a smooth and monotone increasing functiow,of
in the most ways, provided there is no reason to prefer onsimplifying entropy maximizations and ensuring that the
way over another. In the jargon of probability theory, we multiplier (P/KkT in this cas¢ remains positive.

assume equah priori probabilities, when evidence to the
contrary is not available.

For example, if systems A and B have a total endfgi
share between them, then the best bet after equilibration will The quantitative version of the zeroth law given previ-
be that value oE,=E— Eg that has the largest total multi- ously applies to all equilibrium thermal systems, including
plicity Q=Q,Qp5. If we set to zero the derivative ¢ with  spin systems capable of population inversions and hence
respect toE,, we find that this maximum requires that negative absolute temperatures. Moreover, as a theorem of

(1/Q,4)(dQA/dE,) = (1/Q)(dQg/dEg), and hence Statistical inference not involving energy at all, it applies to
: ivativedhermally unequilibrated systems sharing other conserved

quantities(including money, for examp)eprovided that the
Pnly prior information is how the multiplicity of ways a
quantity can be distributed depends on the amount of that
conserved quantity. If we have other kinds of information,
Information theorists define the logarithm of multiplicity such as knowledge of a system'’s temperature but not its tojtal
. ) . ..> energy, then the broader class of maximum entropy strategies
as the uncertainty via the relati@=kn (), and measure it giatistical inferencefor example, Gibbs' canonical and
in units of nats, bits, bytes, or JJKKis 1, 1/In2, 1/n256,  grand ensemblgspredict the distribution of outcomes.
or 1.38<107?% respectively. Thus the best bet for two sys-~ The quantitative role in statistical inference for the uncer-
tems sharing a conserved quantityin the absence of infor-  tainty S and its derivatives also extends naturally to systems
mation to the contrary is tha€ will rearrange itself between with internal correlations or mutual informatiéh Whether
the two systems until each system’s uncertainty stbf@X  correlated subsystems are easily replicdfile example, xe-
has reached a common value. This prediction of a propertyox copies of a valid street mapr difficult to clone (for
(corresponding to temperature or its reciproctiat ap- example, qubit?§), the consideration of the knowledge that
proaches a common value between equilibrated systems isodherwise unknown subsystems are correlated allows one to
quantitative version of the zeroth law of thermodynamics,extend the tools of st_at|st|cal inferen@nd hence the second
based purely on the science of statistical inference. It applieWw of thermodynamigsto complex systems whose entropy
to any system randomly sharing conserved quantities. is less than the sum of its subsystem entropies. A simple
When the energf is the quantity that is shared, the un- classic example of such a system consists of Szilard's bi-
certainty slopedS/dE is the reciprocal temperature or the symmetric single-atom vacuum-pump memory and an exter-

coldnes® 1/T. Hence. the temperature is a broperty that is a2 observef® This memory can be placed into either of its

: T P property %wo possible states, decreasing the state uncertainty by 1 bit,
measure of the propensity of a system to share energy theys, " oinor an isothermal compression requirikgin2 of
mally. For example, the uncertainty slope for quadratic sys-

tems calculated from the multiplicity given in Sec. Il yields Work: or an arbitrarily slow re-orientation guided by an ob-
S S picity g -y server who knowsghas mutual information that specifjemn
the equipartition relationE/N= vk T/2.

: X which side of a removable central partition the atom can be
WhenV is the quantity shared randomly between systems;g ;ng.
the uncertainty slopdS/dV is the free-expansion coefficient | addition to illustrating the thermodynamic value of mu-
(see, for example, the derivations in Secs. 3.22 and 5.7 afjal information, the vacuum-pump memory example is also
Ref. 15 equal to §S'dEX forcex dx)/(area<dx) = P/T at  an example of arfobserver plus test systgrworld, where
equilibrium. For an ideal ga$)«VN and in this casdS¥dV  information that an observer has about the state of a test
yields the ideal gas equation of st&®&/=NKT. If N is the  system may be seen as mutual information in the world of
quantity shared randomly, the uncertainty sloi®dN is the ~ Which both are a part. From this perspective, a second law
chemical affinity, equal to- »/T at equilibrium. From this that puts constraints on the entropy of isolated systems may

consideration, for example, reaction equilibrium constantd€ applied rigor_ously not only to subsystems that share en-
may be calculated. ergy, but to the information that observers external to a sys-

Before leaving this review of simple applications of the tem of interest have about its state. This relation between
predictive power of “equilibrating multipliers,” a graphical mutual information and observer knowledge is precisely why

way for plotting relations between extensive work param—,[Srt]"’lt's'“c.al t;}nferer;cer(]the_lt IS, th% formg! utsed of gambltln.gt
eters(like volume and their corresponding multipliexgor eory in thermal physics may be predicated on uncertainty

example, the free-expansion coefficieint the context ofS about a system as seen by an external obser_ver. .
—kInQ and its derivai is illustrated f ideal . Pedagogical approaches that leverage this approach in-
—Kind and its dervatives 1S lllustrated Tor an 1deal gas N q1,qe thermodynamic-engine “possibility problems” which
Fig. 1. Plots of this form will be used to examine the natural

4 o \ use only the first and second laws. Examples include the
units for heat capacity in what follows. Here Boyle's law 54| Carnot heat engine and refrigerator efficiency limits on

(plotted as a relation betweevh and its multiplierP/kT)  reversible energy flow between two different thermal reser-
emerges in the equation of state fIBtg. 1(c)] on the lower  yqjrs, the at first glance nonintuitive “ice-water invention”
left, while the fact that the number of particléé is the  problem of converting boiling water to ice water reversibly
exponent of botlv and P/kT, in the expression for multi- given no available work and only a room temperature reser-
plicity Q, emerges in the exponent mépig. 1(b)] on the  voir as leverage, tantalizing results pointed out by Ja§nes
upper right. Note also from the log—log plot of multiplicity on “reversible home heating with flames” and “zero energy
versus work parameter on the lower rigRtg. 1(d)] that the  ovens for eskimos,” constraints on the channel capacity and

B. Range of application

(and most others in this papare taken under microcanoni-
cal constraints, that is, they are partial derivatives with othe
extensive quantitieglike volume or number of particleés
held constant.
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Fig. 1. Plots of the dependence of the entropy on the volume, and the latter's Lagrange muyltigfhék T, for an ideal(Sakur—Tetrodel0-atom argon gas
at 290 K.(a) S (solid line) and its slopey dSdy (dashed lingvs Iny, (b) the multiplicity exponent map dSdy vsV dSdV, (c) state equation plot of

vs dSdV=y=P/kT, (d) InV vs S and its slope/ dSdV (dashed ling The entropy expression used for thisS&= N[In(V/N)+% In(4wmE3Nh?) + %],
whereV is the total volumeE is the total energyl is the number of atomsn is the atomic mass, arfdis Planck’s constant. Note that Boyle’s law appears
in the ideal gas equation of state plot in the lower left, that the adjacent plots show the entropy to be a monotonic increasing functidheaofddtkT,
and that the exponent map on the upper right shows the log—log derivative of the multiplicity fo¥ lzottl P/KT to be fixed at the number of particles
N=10.

energy dissipation of molecular machirfés,and the IV. THE RATIO OF THERMAL ENERGY TO kT

Win /kToy lower limit on work thermalized for each nat of o o _
computer memory erased in preparation for a subsequent The statistical definition of temperature can be rewritten
write.2® Such applications of the first and second laws con-S-

strain what is possible while involving no specifics about the

actual implementation. For introductory classes, the sustain- 1 _ 4(InQ) 4(InQ) 1
able flow of available work through biological systeins- KT~ 9E  4(InE) E
gardless of their distance from equilibritniong the prov-

ince of ecologist$® becomes fair game as a physics subjechpe can think of the quantity(In Q)/d(In E) as the instanta-

of broad interest. Finally, in courses with few mathematical,eqys exponent of energy or as the slope of the multiplicity
prerequisites, we can a.VOid Ioga”thmd reinforce Student versus energy curve on a |Og_|og p|ot We can rearrange Eq
insight into the meaning of computer science urlitg using (1) so that it looks very much like the familiar equipartition
only powers of 2. For exampl®gpoice= 2™is= 2% quan-  theorem often given to introductory students without qualifi-
tifies the relation between multiplicity, measures of uncer-cation, except that Eq(l) applies to all thermal systems
tainty in bits, and traditional units for entropy. under conditions of maximum ignoranéhat is, at equilib-

@
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Fig. 2. Plots of the dependence of the entropy on the enérgyd energy multipliek T for the ideal(Sakur—Tetrode10-atom argon gas of Fig. 1 in a fixed
volume of 0.4 zeptolitergia) S and its slopeC,, /k (dashed lingvs InkT), (b) multiplicity exponent magC, /k vs E/kT, (c) equation of state ploE/N vs
dE/dS=kT, and(d) In(E/N) vs S/N and its slopeE/kT (dashed ling Note how the lower left corner panel axes lead into both adjacent panels, and how the
derivative plots in turn lead to the exponent map in the upper right, which for the case of this simple quadratic system yields a singl€pfint at
=E/NkT=3/2 on the “line of equipartition.”

rium). The analog to degrees of freedom over 2 then beunits, this concept of multiplicity exponefin this case for

comes: energyE) is our first big clue.
£ " InQE=0 31 Q ot O The relationships in Eq(2) are illustrated in the bottom
= _:Eﬁ(S/ ):Eﬂ nQ="%9InQ _J(log, ) half of Fig. 2 for a simple quadratic system. On the left is
kT JE JE dlnE  d(log, E)’ plottedE/N per atom vk T for a low density argon gas, and

(2)  on the right is plotted If¥/N) vs S/k using the quadratic

whereb is any positive real number. For quadratic systemsSystem multiplicity withy=3. The dashed line on the right is
it is easy to see that the log—log derivative in E2).is equal  the derivative of thes/k vs In(E/N) curve, or in other words

to vN/2. For any systemé defined in Eq.(2) measures the the degrees of freedom over 2, that§ss 1.5.

instantaneous energy exponent, as well as the number of natsBefore we move on, we also point out a relation that ap-
of information lost about the state of the system per e-foldplies if the energy origin has been chosen so tat0 as
increase in the thermal energy of the system. The last term ii— 0, something we might expect for a measure of thermal
Eg. (2) notes that the value dfis independent of the bake  energy. In terms of the heat capacily,, we can write:

of the logarithms used. Thus we can also thinkéads the

number of bits of information lost per twofold increase in the E JoCudT ™01 (7T v

thermal energy, or more generally the number of Hase&its &= kT kT AT fo CvdTkaT= K/ ©)

of information lost peb-fold increase in thermal energy. In

our search for the meaning of the heat capacity in naturalvhere the middle equality applies only for systems not in a
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Fig. 3. Plots of the dependence of entropy on the energy per molecule for a steam, water, and Debye model icé-spB38rK @ssuming a sound speed

near 3500 m/s For simplicity, we have ignored the effect of volume changes on energy, and thus for example, steam has a lower heat capacity than it would
in an experiment done at 1 atita) S/N and its slopeC,, /Nk (dashed lingvs InkT), (b) multiplicity exponent maygC,, /Nk vs E/NKT, (c) equation of state

plot E/N vs dE/dS=KkT, and(d) In(E/N) vs S/N and its slopeE/NKT (dashed ling The layout of the panels is similar to that in Fig. 2, but curve shapes are

now complicated by two phase changes, and the Debye model “freezing out” of thermal energy storage modes in the model used for ice. As discussed in the
text, locally defined energy zeros are useful in understanding features seen in the lower left panel, phase changes are more clearly distirigeisipalele i

left than in the lower right entropy plots, and the plots on the right side vary drastically with the choice of the energy zero.

population inversion, so that the absolute temperaius® degrees of freedom per molecule,” §anust be about 9 bits
and AT=T. Thus whenT>0, ¢ is the average of the heat per twofold increase in thermal energy. At the freezing point,
capacity over temperatures between absolute zeraTand ~ the temperature stops dropping as the energy continues to be
We have shown that the log—log derivative of the multi- removed. If this system were quadratic, the degrees of free-
plicity with respect to the energy has a simple informationdom would have gone to infinity! Once all is frozen, the
theoretic interpretation and is elegantly giveagardless of temperature continues its dropz this time its rate of decrease
the units forT) by E/KT as well. From the perspective of an Suggests a quadratic system with about 8 degrees of freedom
experimentalist, howeveE/kT has one glaring disadvan- Per molecule, o closer to 4 bits per twofold increase in

tage: its numerical value depends on our choice for the zerf1€rmal energy. BecauseT may change little during this
of the thermal energy. experiment, how cafc/kT be changing so much? The an-

To illustrate the problem, consider the cooling of waterswer of course is that our inferences about the degrees of
until it becomes icésee, for example, the lower left panel in freedom have followed not by measuring the total endtgy
Fig. 3). As water initially cools, the temperature drop per unit but only from the rates of change in the energy. Moreover, in
energy removed is roughly constant. One might easily saythe process our inferred “quadratic zero” of thermal energy
“Given the uniform rate of decrease of energy with tempera-has been shifting.
ture, this system looks like a quadratic system with about 18 The effects of these shifts are seen explicitly in the energy
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versus temperature plobower left) of Fig. 3. In particular, ThusC,, /k estimates not)/kT, but (U—U,)/kT, whereU,

the quadraticor straight line extrapolatedero point energy s a quadratic energy zero inferred by linearly extrapolating a
of thermal motion for water is much lower than that for |ocal segment of th& vs kT plot to T=0.

steam, and lower than that for ice. Thus equipartition makes This linear extrapolation is trivial for the quadratic system
sense for water only if a fictituous zero for the thermal en-in Fig. 2, and thusC,=E/KT for all values ofE. If the
ergy is chosen, and then only far from phase chaigésre  sysiem is not simply quadratiéor example, if it has phase
energy is released .when pa(t|cles give up their freedom t%hanges or modes of energy storage that freezg then
move, at the same time enabling new ways of storing thermaév/k is simply a local estimate of the thermal energy over

energy and “freeze out” zonedwhere quantization makes | 1, 5 quadratic system. ThB, /k modifies the log—log
some modes of energy storage less and less accossilsie derivative of multiplicity with respect to energy, combining

note that as in Fig. 2 the lower right column of Fig. 3 shows.. = ...~ . :
. . . . it with its rate of increase per e-fold change in temperature to
Svs InE and its slope, which from Ed2) is nothing other yield an estimate ofld —U,)/kT.

than E/KT using as the origin of energy the actual system This observation also provides a different perspective on

energy neaff =0. As we can see, the value BIKT using  the mechanism by which the heat capacity diverges during a
this energy origin shows no regions of constancy at all. phase change. The ratio of thermal energyk (or the
The question then is can we modify our estimate for the,y_ |44 derivative of multiplicity should have no singulari-

log—log derivative of thermal energy so as to reflect onlyt-u;s, because both energy antT/are expected to be finite

data on temperature changes over a limited energy a9 finite systems. It therefore must be the second term in the
Such a quantity might allow us to probe the ways that ther

mal energy is being accommodated, one energy range at:)\é;?z;ttirrrg de(:r?\;:ﬁ\s/:eoggfov(/h?gﬁ tbfsvsgﬂg in Eg), the tem-
time. : .

We now return to the lower left panel of Fig. 3 and con-
sider the interesting question: Does the thermal energy of
steam increase, decrease, or go negative when it condenses

V. HEAT CAPACITIES to water? From the above considerations, we can see that the
total energy decreasdperhaps even goes negaiivié the
The no-work(for example, constant volume or constant choice of energy zero is held constant, because steam loses
magnetizatioh heat capacity, in natural units, can be written the latent heat of vaporization when it condenses. However,
as: because the specific heat of water at boiling is higher than
that for steam, the energy of random motion measured with
(k) 4) respect to the locally inferred quadratic zero of thermal en-
aT ergy (for example, at 100°C) actually goes up. In other

HereT is absolute temperature in any units you like, and the’vords: & small part of the binding energy, liberated when
. . . water molecules fall into the potential well of their neigh-
partials are taken with work parametgiée the volume

held constant. This equation is illustrated in natural units inbors, goes to increase the energy of random motion in the

the top left of Figs. 2 and 3, where one can find b8tk and condensed phase, relative to that available to particles in the

uncondensed gas.
its derivativeC,,/k plotted as a function of Ii. Although g
the upper left plots o&/k vs InT are arrayed symmetrically
to the lower right plots o6/k vs InE, it is clear from Fig. 3 VI. BEYOND EQUIPARTITION

that for water the position of the phase changes and regions r, Jpoue ghservations suggest that introductory texts
between phase changes are much easier to see in the plots of . = .
Cy than in the plots ofE/kT. The reason in part is that might consider g'V'.nQV In nats per mqlecule for common

N ' substance&long with the usual values in J/K per unit mass

beC?‘”S@v is an energy deri\_/ative, it does not depend on theSome texts already focus their discussion on molar heat ca-
choice of energy origin, and instead depends only on chang city divided by the gas constaR which is the same

mltr(]anergr)]y gnd tec:npetratur:a Ioce}{Ihto thhg cukrjrentcstzte. Th ing. This dimensionless heat capacity provides insight into
although¢ depends strongly on the choice U, Cy does the way thermal energy is partitioned among the molecules,

not. even when it does not exactly take on a half-integer value.
To see whaCy actually measures, let us suppose that W& away from phase change8,, in natural units also of-
have a system whose multiplicity for energies near a

_ 4 "dUaters clues to the number of degrees of freedom that new
dratic zero”U, obeys thermal energy at a given temperature can access. For ex-
U—u,\"N2 ample, the high value of this quantity for waieorrespond-
Q=< ) , ing to 18 degrees of freedom per molecule, divided by 2

tells us something about the collective excitations involving
whereU; is a constant for some range bf values. This more than one water molecule.
physical situation arises often between phase changes, whenln shifting the focus from historical temperature units to
the thermal energy is distributed over a fixed number of cothe multiplicities that underlie our inferences, we can say
ordinates with ground state energy. It then follows that ~ that bothE/kT and C,//k measure the number of bits of
increase in state uncertainty per twofold increase in energy
vN ( Uu-u; vN

E=T

S T P
R s

€0

S/k= —1n with respect to their respective choices for the energy origin.
2 2(U-Uy)’ In this sense, they represent physical quantities like mechani-

cal degrees of freedom, but with wider applicability. After
u-u, _ NGy all, the concept of degrees of freedom competing on equal

kT 2 k- grounds for randomly distributed thermal energy presumes

), dSIdE=

€0
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not only multiplicities linear with energy on a log—log plot one will find behavior similar to that we have already seen,
(like a high-temperature Einstein solicdout also quadratic that is, in solids, liquids, and gases for which the number of
energies(that is, energies proportional to a sum of theways to accommodate the thermal energy increases as the
squares of some randomly occupied coordinates of )stateenergy goes up. However, when individual coordinate ener-
Even though it is easy to come away from introductory phys-gies begin to approach their maximum value, the degrees of
ics with the impression that absolute temperature is a medreedom(as one might imaginecan reverse their enthusiasm
sure of average kinetic energsee, for example, page 349 of to compete.

Ref. 17, the idea that every active coordinate get$2 even In particular, there will be but one wayeglecting degen-
more strongly resists extension to systems with one or moreracie$ for the system to store the maximum amount of en-
entropy maxima. We begin, however, with a nonquadraticergy. With only one way to accommodate either the mini-
example for which entropy is still a monotonic increasingmum energy or maximum energy, the multiplicities will

function of energy. approach unity at both end points of the continuum. Because
large systems may have many ways to store intermediate
A. Debye solids amounts of energy, the multiplicittand entropy as a func-

tion of system energy will have a maximum somewhere in

The Debye heat capacity of a solid is an example in whicthetween. At such maximaSdE=1/kT will be zero, while
Cy/k depends strongly on temperatdfeln the low tem-  on the high energy siddS'dE will be negative, signaling
perature limit, E= (6N/2)(#*T%56°) kT, so that ¢ population-inverted states not accessible by thermal contact
= (6N/2)(w*T3/56%) and Cy/k=(6N/2) (7*T%56°  with reservoirs at positive absolute temperature. Temperature
+T37*T%/56%) =4(6N/2) (7*T3/56%). Here @ is the Debye and reciprocal temperature are simply different forms for the
temperature, which is related to the density and speed ohultiplier used to characterize a system’s propensity to share
sound in the solid. In the limiT— 0, only a quarter o€, /k  thermal energ§:"° The consideration of spin systems that are
comes from equipartitionE/kT), the remaining three quar- capable of taking ottand sharing energy frormegative ab-
ters from the IT derivative of E/KT in Eq. (4) (in effect, ~ Solute temperature states suggests that reciprocal temperature

from the unfreezing of new modes of thermal energy storhas more fundamental significance than temperature, and

age. As can be seen from the lower left panel of Fig. 3, suchihat the absolute zeros of temperatuspproached from

an unfreezing is associated with a lowering of the therma[f€9ative or positjfve d.irectiolmsare at opposite ends% of a
energy zero locally inferred from the heat capacity, that is, b)pontmuum. But if reciprocal temperature is more unda-
an increase in the slope as one moves from the solid at apRental, the heat capacity should be no less simply connected

solute zero toward the melting point. Thus attempts to infef© the log—log derivative via the reciprocal temperature. This
degrees of freedom over (fhat is, &) from the heat capacity rearrangement of Eq4) confirms that the heat capacity is

by assuming that=C, /k yield a fourfold overestimate of simply related to the multiplicity exponent forKIl as well:

E/kT and hence the effective number of modes for thermal JE olana 1
. . _V _ 2= 2 Y -
energy storage at low. This overestimate decreases as the = B = i
temperature is increased to beyond the Debye temperéture Ip JBLIINE B
In the high temperature limit=C,, /k=3N, as one would 3 1a(InQ)
expect from a classical lattice model withe E3N. 2[1—3@ 2(nE)

In summary, the multiplicity exponents examined in Fig. 3
deviate from the quadratic cas@sr example, Figs. 1 and)2 dInQ d(S/k)
by the creation of new coordinates for thermal energy stor- B =-B B )
age in two ways. For the phase changes from ice to water
and water to steam, a new fixed set of coordinates is created Had we historically adopted as our measure of willingness
as the system’s old modes of binding are abruptly undoneo share energy a power of the uncertainty slope other than
The heat capacitZ, /k=T dSdT effectively estimates the T= Bfl or Bl, say y= B¢, the heat Capacity would more
number of competing coordinates, by locating the new engenerally become- a times the log—log derivative of mul-
ergy zero from which they operate, whil#kT=E dSdE tjpjicity with respect to that measure. Hence log—log deriva-
relative to theT =0 energy simply measures the total energytives of multiplicity with respect to the Lagrange multiplier
in units of the current value &T. On the other hand, during of a conserved quantitin effect, heat capacities when the
the heating of ice fronT=0, the unfreezing of new coordi- conserved quantity is energgre to within a constant, inde-
nates adds a second nonzero term to the heat capacity, so tiggndent of the specific multiplier choi¢tor example, tem-
Cy/k overestimates the number of competing coordinategerature or its reciprocal Thus for the spin system plots
with respect to zero energy for the active set, in this case offFig. 4 the multiplier used will be T instead ok T. How-
the E/KT coordinates competing at any given temperature. ever,Cy /k from Eq. (5) is still the multiplicity exponent of
choice both on historical grounds, and because it remains
positive for spin systems.

A note about the partial derivatives in this section is in

Systems whose thermal energy-storing coordinates haverder. The derivatives are not work-free because they will be
an upper limit on the amount of energy they can accommotaken at constant magnetic fiel@n intensive parameter
date, as for example spins in an external magnetic field, areather than at constant magnetizatitine corresponding ex-
even more challenging to the idea that thermal energy isensive or work parameteiWe have argued that Eq®) and
distributed in packets of sizkT/2 over a set of competing (4) apply generally for partials with all work-parameters held
modes of storage. As long as the energy is low enough thatonstant. They also are valid for the ideal gas under constant
no single coordinate approaches its maximum energy valugressure, if energy is replaced by enthalpy. This example will

B. Two-state paramagnets
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Fig. 4. Plots of the dependence of entropy on energy per spin for a two-state paramagnet consisting of 10 noninteractmdsgiasd its slopeC,, /Nk

(dashed lingvs In(1kT), (b) multiplicity exponent mapC,, /Nk vs E/NKT, (c) equation of state pldE/N vs dE/dS=1/kT, and(d) In(E/N) vs S/N and its
slopeE/NKT (dashed ling The layout is similar to that in Figs. 2 and 3 except th&fTlreplacekT on the left-hand side. As discussed in the textTlfuns

from « to —< asT goes from 0 to 0, the upper left and lower right entropy plots show a single maximum, and in the exponent map, the heat capacity
remains positive whil&e/kT takes on negative values that correspond to the negative reciprocal temperature side of the entropy peak. If the energy zero is
reset halfway between minimum and maximum energy values, the lower right entropy peak becomes symmetric, and the loop in the positive quandrant of the
exponent map disappears.

show that they are valid for noninteracting spins. The maxiportional to the reciprocal temperatuge=1/kT. This pro-
mum entropy formalisnfwith a suitably generalized defini- portionality was discovered by Pierre Curie, and bears his
tion of enthalpy likely holds clues to the usefulness of mul- name(see, for example, page 105 of Ref,)18he region of
tiplicity exponents under a wider range @for example, proportionality can be seen in the center of the state equation
ensemble rather than only no-workonstraints® although  plot of a two-state paramagnet with 10 noninteracting spins,
this is not explored further here. in the lower left of Fig. 4.
We begin with a system of half-integral spins with a single  For a system oN half-integer spins, Stirling’s approxima-

entropy maximum. If we expan8(E) to second order about tjon allows us to approximate the number of accessible
the energy of its maximumEspay, we obtain S(E) as  giated?18 py QZNN/(N?TNTL)_ HereN,+N, =N because

1 _ 2
S(Esma)+ 2A(E~Esma)”, where all of the N spins are either up or down. If we define the

d?s energy relative to the all down statelas- 2uBN, , whereu
~|de2? <0. is the magnetic moment per spin, aBdis the superposed
E=Esmax magnetic field, then we can writ@ as a function ofE.

Hence for energies neis ., dSYdE=A(E—Egma)- Thus  Equation (1) then yieldsE=2uBN(1—tanHx]), where x
deviations fromEg . are negative folf>0, and(at least =uB/kT, so that E/kT=Nx(1—tanlx]) and Cy/k
for small deviations and hence high temperatu@® pro- =N(x/coshx])?. Herex takes on positive and negative val-
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ues, ranging fromtIn(N) to —In(N), respectively, for orien- librium systems. Applications range from data compression
tation energie with allowed values from O to 2BN. and error correction in communication lin&s,through
Thus for E near to but less thafEs ym=uBN, Cy/k present studies of evolving nucleic acid codesnd
max 1

. 031 . .
~ N2> i _ — NYR<0. computing?*>* to future studies of neural nets and memetic
Nx*>0, while (E—Esa)/KT=—Nx*<0. Becauses for codes® If we look back at how these insights might impact

pedagogy, we see that heat capacity is a particularly knotty
. ; concept because for most of us, it has always been a change
thermal energy zero. The interpretation BfKT as half of i, energy per degree kelvin. In fundamental units, if heat
some number of degrees of freedom competing successfulb/apacity has any dimensions at all, they are information
for kT/2 units of thermal energy is now complica}ted py the ynits, because for example “change in energy per unit
fact that the degrees of freedofin this case spinswith  change in energy per bit” leaves us with nothing but bits in
maximum energy will be competing to lose the energy theythe pargain.
have. When more than half of the spins are at maximum e point out a simple interpretation here. To begin with,
energy,E/kT becomes negative. Although negative degreeghe thermal energyE divided by temperaturel = 9E/9S
of freedom may cause discomfort for some, a negative value. 5-1 s fundamentallye/k T = E (#S/9E), that is, the log—
for E/kT as the multiplicity exponent should disturb no one |oq derivative of multiplicity with respect to energfor ex-
because, to paraphrase a related comment by Schrfedetample, a measure of the bits of uncertainty increase per two-
there is no law of physics guaranteeing that there will not beg|d increase in energy The no-work heat capacity then
fewer ways to distribute energy as more energy is added. pecomesC, /k =T (9S/dT) = — B(9S/9B), an estimate of

As shown in the exponent maipper right of Fig. 4, g/, T \ith an energy zero inferred from the local slope of the
Cy/k overestimate€/kT at low temperaturefnew degrees g ¢\ piot. Thus these two quantities are related in con-
of freedom come into play in the upper portion of the Ihop cept, regardless of the variabléor example,T or 1kT)
although the eSt'mate bejzomes exact wheiec'r eases ta chosen to keep track of a system’s willingness to share en-
=1.279 (the solution ofe™*=x—1 for x). At higher tem- ergy thermally.
peraturesCy/k underestimate&/kT, which begins to de-  The quantityE/kT plays the role of degrees of freedom
crease ax decreases and increases from this point. The gyer two in quadratic systems, but depends on the energy
relationship betweert/kT and Cy, switches again whem  zero and, regardless, can take on negative values in systems
passes through zero, becausg/k=0 while the energy’'s with entropy maxima. Its limitations are those of the concept
multiplicity exponent becomes negative because the uncetf equipartition itself. The quantit€,, /k provides deep in-
tainty about the system’s state decreases with added energjght into the ways a system accommodates new thermal
past this point. Also the average heat capacity goes to zergnergy. We further show here that the correspondence be-
and no longer equalE/kT, because the average must between work-parameter multiplicity-exponentike E/kT)
obtained piecewise when temperat(ualike reciprocal tem-  and the corresponding multiplier multiplicity-exponefitke
pera_tur_élbreaches the discontinuity from plUS |nf|n|ty to mi- Cv/k) may look more like a patchwork qu|(in the water
nus infinity. ) ) ) _ casg or spaghetti(in the paramagnet casthan the simple

Thus in addition to information units for heat capacity, we fynctional relation(or even equality that one might expect
gain from this approach a way to minimize consternationsom the usual talk of temperaturel E/dS) as energy per
over negative degrees of freedom and to visualize the limitg,qjecyle. Just as velocity can be quite independent of accel-
of equipartition as well. The concept of equipartition offers agration, requiring a map to sort out the relationship between
way to think about the size of the energy fluctuati@swell i 4nd its derivative in a particular process, so maps of energy
as the effects of heat flow on temperajufer degrees of  5nq temperaturdor their multiplicity exponents can be
freedom(or thermal coordinateshat have more than their quite diverse once we see temperature as an energy deriva-

ground state energy, provided they have much less energy,e rather than as simply energy per molecule or degree
than any upper limits on energy capacity that might applyseedom.

However, as we might infer from the exponent mapsper Finally, becausd&/kT andCy /k are defined here only in

right) in Figs. 3 and 4, equipartition’s usefulness taken Iiter’terms of state multiplicity and the conserved variable being

ally is limited only to the simplest of models. Thinking about gy, o jenergy, and are relatively independent of the form
degrees of freedom over two as energy's multiplicity EXPO-chosen for the multiplie(for example, temperaturetheir

nen:, t%n(t'j'heat Caﬁ.""cl:.'tyt as temperta;ure’s m““'ﬂ'ct'ty eXpo?analogs in problems that involve the sharing of other con-

lnen"( _af IS, 3 multip 'C'?(' expﬁ’?e” or energy that Uses agepyeq guantitiegfor example, volume, particles, or even

ocally inferred zer, works well in any case. dollarg may be easier for students to recognize and put to
use.

these systems may be positive or negatiékT will be
negative for somes values, regardless of our choice of the

VII. SUMMARY
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A NEW KIND OF LOVE

Personally, | find Wolfram’s enthusiasm for his own ideas refreshing. | am reminded |of a
comment made by the Buddhist teacher Guru Amrit Desai, when he looked out of his car window
and saw that he was in the midst of a gang of Hell's Angels. After studying them in great detail for
a long while, he finally exclaimed, “They really love their motorcycles.” There was no disdain in
this observation. Guru Desai was truly moved by the purity of their love for the beauty and power
of something that was outside themselves.

Well, Wolfram really loves his cellular autonzat . .

Ray Kurzweil, on Stephen Wolfram& New Kind of Science
(http://www.kurzweilai.net/articles/art0464.html?printabliz 2002.
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